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  Dedicated to Prof. Otto H. Kegel on  
the occasion of his 90th birthday on 20 July 2024  
– Ischia Group Theory 2024 from April 8 to April 13 
( see https://www.advgrouptheory.com/GTArchivum/Pictures/gtphotos/OttoKegel.jpg ) 
 
Talk presented at IGT 2024 on 11 April 2024, that is, 

on the 120th birthday of Prof. Philip Hall   
( see https://mathshistory.st-andrews.ac.uk/Biographies/Hall/ ) 

Keywords • singular (Sylow) p-subgroup • (very) good Sylow 
p-subgroup • p-uniqueness subgroup • minimal p-unique subgroup 
• very beautiful (numerical) Sylow p-invariant p-uniqueness ap 
• locally finite group satisfying the Strong Sylow Theorem for the 
Prime p, equivalently, the Strong Sylow p-Theorem • simple 
group • nested local system • family T of types of known finite 
simple groups • simple locally finite group of type Ξ ∈ T , of 

alternating type and of projective special linear type • rank of a 
locally finite simple group • classification of the transitive G-sets 
• beautiful Kegel cover • ⋆-sequence • Kegel sequence • simple 
locally finite group which is finitary, of 1-type, of p-type, and 
of ∞-type • P-invariant Sylow p-subgroup • conjugacy class 
• P-isomorphic P-orbit • beautiful p-length of a p-soluble finite 
group • classical Hall-Higman Theory • locally finite field F 
• algebraic closure of the beautiful prime field in characteristic p 
• General Linear Group • Special Linear Group • Projective Special 
Linear (PSL) Group • G-module over some (locally finite) field F 
• irreducibility • complete reducibility • (non-)modular G-module 
• G-isomorphic G-modules • Jordan normal form • Classical Group 
• Group of Lie type • twisted Chevalley Group 

Note – The rank of a known locally finite simple group is defined 
below. For PSL(n,F ), and hence for GL(n,F ) and SL(n,F ), it 
is simply n = dim(F 

n
 ). So we have a rather simple concept of 

rank of a linear group which, however, does not contradict any 
of the elaborate concepts of rank in the excellent book [13]. 

Let p be a prime: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109, 113, 
127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181, 191, 193, 
197, 199, 211, 223, 227, 229, 233, 239, 241, 251, 257, 263, 269, 271, 
277, 281, 283, 293, 307, 311, 313, 317, 331, 337, 347, 349, 353, 359, 
367, 373, 379, 383, 389, 397, 401, 409, 419, 421, 431, 433, 439, 443, 
449, 457, 461, 463, 467, 479, 487, 491, 499, 503, 509, 521, 523, 541, 
547, 557, 563, 569, 571, 577, 587, 593, 599, 601, 607, 613, 617, 619, 
631, 641, 643, 647, 653, 659, 661, 673, 677, 683, 691, 701, 709, 719, 
727, 733, 739, 743, 751, 757, 761, 769, 773, 787, 797, 809, 811, 821, 
823, 827, 829, 839, 853, 857, 859, 863, 877, 881, 883, 887, 907, 911, 
919, 929, 937, 941, 947, 953, 967, 971, 977, 983, 991, 997, 1009, 
1013, 1019, 1021, 1031, 1033, 1039, 1049, 1051, 1061, 1063, … ☺ 

In this paper we prove Kegel’s conjecture for An and for 
A = PSLn. It continues [15] F.F. FLEMISCH: “Characterising 
Locally Finite Groups Satisfying the Strong Sylow Theorem 
for the Prime p”, Adv. Group Theory Appl. 13 (June 2022),  

13-39 (see MR4441631 and Zbl 1496.20065). We included that 
beautiful predecessor paper completely as an Appendix, although 
it is open access, since the current paper cannot be understood 
without that predecessor paper – so one needs to have it present 
when reading the current paper – and included as well the MR 
Review and the Zbl Review and an important comment ☺. 

Sketch of proof for An 

Let the finite p-group P act on An. Let α be a point and let 
Pα := {x ∈ P | αx = α} ⊆ P be the stabiliser of α. We denote by 
U(P) the set of all subgroups of P and for every U ∈ U(P) by 
R(P,U) := {U x | x ∈ P} the set of all right cosets of U in P. 
Then P operates by multiplication from the right for every U ∈ 
U(P) transitively on R(P,U) with Cor P U := {U 

x | x ∈ P } as the 
kernel. The classification of transitive P-sets reads as follows: 
Every transitive P-set Ω ≠ Ø is P-isomorphic to R(P,Pα) for all 

α ∈ Ω , and for any U, V ∈ U(P) the two sets R(P,U) and R(P,V) 
are P-isomorphic if and only if U and V are conjugate in P. 

Hence for the action of P we have a bijection between the class 
J (P) of all P-isomorphism types of transitive P-sets and the set 
of all conjugacy classes (in P) of subgroups of P, and therefore 
|J (P)| = g p(|P|) := the number of conjugacy classes of subgroups 
of P. Therefore for every P-set Ω the class J (P, Ω) of P-iso-
morphism types of P-orbits on Ω has at most g p(|P|) elements 
and since every subgroup of P is a subset containing 1, we can 
now summarising deduce |J (P,Ω)| ≤ g p(|P|) ≤ |U(P)| ≤ 2 |P| - 1. 
If P is a p-subgroup of Sn which is contained in exactly k ∈ ℕ 
Sylow p-subgroups of Sn and if m := k + p + 1, then n ≤ m • 
|P| • g p(|P|) - 1 and n ≤ ( p + 2) • 2 |P| - 1 - 1 for k = 1 (see Page 5), 
whence, if not so, P has at least m many P-isomorphic P-orbits 
on Ω := {1, 2, …, n} (see Page 5). We are then able to deduce 
from this fact the central observation that {S ∈ SylpS

Ω | S is 
P-invariant} =: Sylp(S

Ω,P) ≥ |SylpS
m| ≥ m - 2 ≥ k + 1 by using 

beautiful new ideas (see Page 6).                                             □ 

Sketch of proof for A = PSLn 

We are applying a three-stage-approach whilst first proving the 
theorem for the General Linear Groups over (commutative) 
locally finite fields (Theorem 2), then for the Special Linear 
Groups over locally finite fields (Theorem 3) and finally for 
the Projective Special Linear (PSL) Groups over locally finite 
fields (Theorem 4), thereby using that GL(n,F) = SL(n,F) • F 

∗ 
and PSL(n,F) = SL(n,F) / Z(SL(n,F)) (see Page 11 and Page 12). 
This can be shown with a very beautiful diagram: 
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The major work is required for the General Linear Groups 
with two different and both very beautiful approaches for 
characteristic ≠ p and characteristic p. In characteristic ≠ p we 
use that, if for a finite p-group P which is operating on a finite-
dimensional vector space V over a locally finite field and a 
direct decomposition of V into irreducible P-submodules, there 
are k many of the P-submodules P-isomorphic, then at least 
|SylpSk| Sylow p-subgroups of GL(V) are P-invariant (see 
Proposition 7 a)). In characteristic p we use that, if k is the 
dimension of the P-submodule CV (P) := {v ∈ V | vx = v for all 
x ∈ P} of a non-trivial modular P-module V, then again there 
are at least |SylpSk| many P-invariant Sylow p-subgroups of 
GL(V) (see Proposition 7 b)). We then are able to argue that 
from Proposition 7 follows that n ≤ ( p + 2) • | P | 

2 - 1 for a 
p-uniqueness subgroup P of GL(n,F ) (see Lemma 2 on Page 11). 
For the transition from GL(n,F ) to SL(n,F ) we are using that a 
p-uniqueness subgroup of SL(n,F ) is a p-uniqueness subgroup 
of GL(n,F ) as well. For the transition from SL(n,F ) to PSL(n,F ) 
we use that P := Q • D(SL(n,F )) / D(SL(n,F )) is a p-uniqueness 
subgroup of PSL(n,F ) when Q is a p-uniqueness subgroup of 
SL(n,F ), and conversely, together with the Proposition 4 and 
the Proposition 6 to get the lower bound p + 2 whence P lies in at 
least |SylpS p + 2| Sylow p-subgroups of PSL(n,F ).                  □ 

1. Introduction 

For any unexplained notation we refer to [15]. 

Bring to mind that a group is called simple if itself and <1> 

are its sole normal subgroups and that a local system for a 

group G is a family Σ of subgroups such that every element of 
G lies in a Σ-group and for every two Σ-groups there exists 
another Σ-group which contains both. The local system Σ for 
the group G is said to be nested if there exists a sequence {Un | 
n ∈ ℕ} of subgroups of G such that Un ⊆ Un+1 for all n ∈ ℕ 
and Σ = {Un | n ∈ ℕ}. If G is a countable group and {xn | n ∈ ℕ} 
an enumeration of G, let Un := <x1, x2, …, xn> (n ∈ ℕ); then 
{Un | n ∈ ℕ} is a nested local system for G. If the locally finite 
group G has such a nested local system, then G is countable. If 
an infinite group G = < U | U ∈ Σ > possesses a local system Σ 
consisting of simple subgroups, it is simple: suppose N ≠ <1> is 
a normal subgroup of G; if N ∩ U = <1> for all U ∈ Σ then 
N = < N ∩ U | U ∈ Σ > = <1>; hence N ∩ U = U for some U ∈ Σ 
and so N ∩ V = V for all V ∈ Σ since U, V ⊆ W for each V ∈ Σ 
with some W ∈ Σ; thus N = G. An infinite simple group has, 
according to Philip Hall (see [46], p. 137, which introduces the 
beautiful term “bountiful”), some local system consisting of 
countably infinite simple subgroups (see [42], p. 18, [43], 
Theorem 4.4, [44], Theorem 2.5, and [45] O.H. KEGEL: “Remarks 
on uncountable simple groups”, in: Proceedings of Ischia Group 
Theory 2016, Int. J. Group Theory 7 (2018)). Thus simplicity is 
definitely a countably recognisable group theoretic property 
(see [2]). Periodic linear groups are locally finite (see [43], 
Theorem 1.L.1) and satisfy the Strong Sylow Theorem for 
every Prime p (see [54] and [44], 1.7). Simple periodic linear 
groups are countable (see [43], Theorem 1.L.2). 

 
 
 

If G is a countably infinite locally finite simple group, then 
there will exist a nested local system {Rn | n ∈ ℕ} for G of 
finite subgroups such that for each n ∈ ℕ the group Rn is perfect 
and there exists some maximal normal subgroup Mn+1 of Rn+1 
satisfying Mn+1 ∩ Rn = <1>, so that Rn+1 / Mn+1 is simple and Rn 
≾ Rn+1 / Mn+1 (see Chapter 3); such a nested local system is 
called Kegel cover (or ⋆-sequence) for G. We define the family 

T of types of known finite simple groups by using some assumed 
well-known symbols:  T  := { abelian p , An, A = PSLn , B = PΩodd n , 
C = PSpn , D = PΩ+

odd n , 2A = PSUn , 2D = PΩ−
even n , E6 , E7 , 

E8 , F4 , G2 , 2B2 , 3D4 , 2E6 , 2F4 , 2G , sporadic ⋆}. If G is a known 
finite simple group of type Ξ ∈ T , we call p resp. n resp. 2 resp. 4 
resp. 6 resp. 7 resp. 8 resp. ⋆ (:= the order of G) the rank r (G) 
of G. A countably infinite locally finite simple group is called to 
be of type Ξ ∈ T , if it just has a Kegel cover Σ = {(Rk, Mk) | k ∈ ℕ} 
in such a way that infinitely many of the Rk+1 / Mk+1’s belong to 
Ξ (wherefore we can replace Σ by these infinitely many Rk+1’s), 
and is called to be of alternating type if it is of type An. Note 
that such a group could a priori be of several types but we may 
placidly assume by the well-known pigeonhole principle (see 
https://en.wikipedia.org/wiki/Pigeonhole_principle) that in fact 
all Rk+1 / M k+1’s belong to the same of the 19 known families. 

The following figure (© 2012 by Iván Andrus [see https:// 
irandrus.files.wordpress.com/2012/06/periodic-table-of-groups.pdf 
and https://irandrus.wordpress.com/2012/06/17/the-periodic-table- 
of-finite-simple-groups/]) depicts the 19 families of known finite 
simple groups in a beautiful arrangement called “Periodic Table”: 

 

If the locally finite group G satisfies the Strong Sylow 
Theorem for the Prime p it contains a p-uniqueness subgroup 
(see [15], Theorem 3.9, and [44], Theorem 1.5, in conjunction 
with [15], Proposition 2.3). Thus, if for a countably infinite 
locally finite simple group G with Kegel cover {(Rk,Mk) | k ∈ ℕ} 
and p-uniqueness subgroup P we could prove that the ranks of 
the Rk+1 / Mk+1’s are bounded in terms of P, then we could very 
straightforwardly deduce Prof. Otto H. Kegel’s Theorem 2.7 
(see [44]: “For the locally finite simple group G the following 

are equivalent: (i) Every countable simple subgroup of G 

contains a p-uniqueness subgroup; (ii) G satisfies the Strong 

Sylow Theorem for the Prime p; (iii) G is linear.”) and his central 
Theorem 3.4 (see [44]: “If {Fi}i∈N is a smooth simple straight  
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split sequence of finite p-perfect subgroups of the locally finite 

group G, then the countably infinite group U = < Fi ; i ∈ ℕ > 

has 2ℵo maximal p-subgroups.”). 

Note – To study crucial configurations, Kegel developed in [44] 
the quite excogitated concept of “(smooth simple straight) split 

sequences of finite p-perfect subgroups with their associated 

ascending sequences of subgroups” which is related to his 
equally very fine concept of the “Sylow-separated (ascending) 

sequences of p-subgroups with associated sequences of Sylow 

p-subgroups” he had developed already nearly ten years earlier 
in “O.H. KEGEL: ‘Chain conditions and Sylow’s theorem in 
locally finite groups’, in: Symposia Matematica, Volume XVII, 
Convegno sui Gruppi Infiniti, Istituto Nazionale di Alta Mate-
matica (  ) ‘Francesco Severi’, Roma, 11-14 Dicembre 
1973, Academic Press, London-New York (1976), 251-259. 
ISBN 978-0-12612-217-6.” 

So, in his four workshop lectures on Sylow theory in locally 
finite groups at the famed and such eminent Singapore Group 
Theory Conference of June 1987, Kegel stated as a theorem 
and proved “by inspection” what is actually a conjecture (see 
[44], Theorem 2.4): “Let P be a p-uniqueness subgroup of the 
finite simple group S which belongs to one of the seven rank-
unbounded families. Then the rank of S is bounded in terms of P.” 
In this paper we prove the conjecture for the case that the finite 
simple group S is some An (n ∈ ℕ) thereby getting Kegel’s 
Theorem 2.7 and Theorem 3.4 for the case that the countably 
infinite locally finite simple group is of alternating type. 

If Σ is a local system of countably infinite simple subgroups 
of the simple locally finite group G with (G countable ⇒ Σ = 
{G}) and PU for each Σ-group U is a p-uniqueness subgroup of U, 
which exists if G satisfies the Strong Sylow Theorem for the 
Prime p (see [15]), and {(Rk,Mk) | k ∈ ℕ} is for each U ∈ Σ a 
Kegel cover for U of alternating type, then for each U ∈ Σ will 
exist a k = k(U) ∈ ℕ with PU ⊆ Rk

U, whence PU • Mm
U

 / Mm
U ≈ 

PU
 / PU ∩ Mm

U is a p-uniqueness subgroup of Rm
U

 / Mm
U for all 

m ≥ k(U), and we could deduce easily from the following 
Theorem 1 that the ranks {r (Rm

U
 / Mm

U) | m ≥ k(U)} are bounded 
by fp(|P

U|) for all U ∈ Σ , so that all Σ-groups would be linear 
(see [47]) and so G would be linear, too, and so also countable. 

Theorem 1 (see [14]). Let n ∈ ℕ and let p be a prime  

such that p ≤ n. Let P be a finite p-group acting on An.  

Let g p(|P|) be the number of conjugacy classes of  

subgroups of P and let k be the number of P-invariant  

Sylow p-subgroups of An. Then gp(|P|) ≤ 2 
|P| - 1.  

a) If isomorphic subgroups of P are conjugate and  

    b := logp|P| (so that |P| =: pb), then g p(|P|) ≤  

    p((b - 2)4 + 2 (b - 2)3 + (b - 2)2) / 4 - ((b - 2)2 + b - 2) / 2 - 90 + (|P| - 1)/( p - 1) + 25. 

b) Let m := k + p + 1. Then n ≤ m • |P| • g p(|P|) - 1.  

    If k = 1, then n ≤ fp(|P|) := ( p + 2) • |P| • 2 
|P| - 1 - 1. 

 

 

 

 

Having proved Theorem 1 we state a way 1) and a way 2) how 
to optimise Theorem 1, make a couple of remarks and suggestions 
on Planning future research and state three conjectures. 

A periodic linear group is locally finite (see [43], Theorem 
1.L.1) and satisfies the Strong Sylow Theorem for every Prime p 

(see [54] and [44], 1.7). As the next undertaking we are proving 
Conjecture 2 of Page 8 regarding the General Linear Groups 
over locally finite fields (see [14]): 

Theorem 2. Let n ∈ ℕ and let p be a prime.  

Let F  be a locally finite (commutative) field. 

a) If F  has characteristic p and ap = ap(GL(n,F ))  
    then n ≤ ( p + 2) • pap - 1. 

b) If F  has characteristic ≠ p and ap = ap(GL(n,F ))  
    then n ≤ ( p + 2) • p2ap - 1. 

Afterwards we are breaking down Theorem 2 to the Special 
Linear Groups over locally finite fields: 

Theorem 3. Let n ∈ ℕ and let p be a prime.  

Let F  be a locally finite (commutative) field. 

a) If F  has characteristic p and ap = ap(SL(n,F ))  
    then n ≤ ( p + 2) • pap - 1. 

b) If F  has characteristic ≠ p and ap = ap(SL(n,F ))  
    then n ≤ ( p + 2) • p2ap - 1. 

We continue with breaking down Theorem 3 to the Projective 
Special Linear (PSL) Groups over locally finite fields: 

Theorem 4. Let n ∈ ℕ and let p be a prime.  

Let F  be a locally finite (commutative) field and  

let P be a minimal p-unique subgroup of PSL(n,F ). 
a) If F  has characteristic p and ap = ap(PSL(n,F ))  
    then n ≤ fp(|P|) := ( p + 2) • pap - 1. 

b) If F  has characteristic ≠ p and ap = ap(PSL(n,F ))  
    then n ≤ fp(|P|) := ( p + 2) • p2ap - 1. 

An infinite simple locally finite group G always has a local 
system Σ consisting of countably infinite simple locally finite 
subgroups and each Σ-group U has a Kegel cover {(Rk

U,Mk
U) | 

k ∈ ℕ} (see Page 3). If all the factors Rk
U

 / Mk
U of the Kegel 

covers for all Σ-groups U are of type Ξ = “A = PSLn”, then G is 
called to be of projective special linear type. If G satisfies the 
Strong Sylow Theorem for the Prime p, then each Σ-group U 

has a p-uniqueness subgroup PU (see [15]). 

For each U ∈ Σ exists some k = k (U) ∈ ℕ with PU ⊆ Rk
U, 

whence PU • Mm
U

 / Mm
U ≈ PU

 / PU ∩ Mm
U is a great p-uniqueness 

subgroup of Rm
U

 / Mm
U for all m ≥ k(U). If G is of projective 

special linear type, it follows from Theorem 4 that the ranks 
{r (Rm / Mm) | m ≥ k(U)} will be bounded by fp(|PU|) for all the 
Σ-groups U , which hence are linear and so G will be linear and 
therefore also countable (see [47]). Summarising we can see the 
consequences of the Strong Sylow Theorem for the Prime p 

according to Theorem 1 and Theorem 4: 
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Theorem 5. Let G be a simple locally finite group  

of alternating type or of projective special linear type  

satisfying the Strong Sylow Theorem for the even  

one Prime p. Then G is linear and countable.                          □ 

Having proved Theorems 1, 2, 3 and 4 we make a couple 
of further remarks and suggestions on Planning future research 
and announce very beautifully The Second Trilogy. 

2. Proof of Theorem 1 

Proof. We begin with some general remarks. For any group G 
we denote by U(G) the set of all its subgroups and for every 
U ∈ U(G) by R(G,U) := {Ux | x ∈ G} the set of all right cosets 
of U in G. Then G operates by multiplication from the right for 
every U ∈ U(G) transitively on R(G,U) with CorGU := {U 

x | 
x ∈ P} as the kernel. If G acts (from the right) on a set Ω, so 
that Ω is a G-set, and α ∈ Ω is any point, then Gα := {x ∈ G | 
αx = α} ⊆ G is the stabiliser of α . Another G-set Ψ is said to be 
G-isomorphic to Ω in case there exists a bijection ξ : Ω → Ψ 
such that ξ(α 

x) = ξ(α)x for all the α ∈ Ω and x ∈ G. The 
classification of transitive G-sets reads as follows (see [50], 
Chapter 6): Every transitive G-set Ω ≠ Ø is G-isomorphic to 

R(G,Gα) for all α ∈ Ω, and for any two U, V ∈ U(G) the two 

sets R(G,U) and R(G,V) are G-isomorphic if and only if U and V 

are conjugate in G. Hence for the action of P we will have a 
bijection between the class J (P) of P-isomorphism types of 
transitive P-sets and the set of all conjugacy classes (in P) of 
subgroups of P, and so |J (P)| = g p(|P|). Thus for every P-set Ω 
the class J (P, Ω) of P-isomorphism types of P-orbits on Ω has 
at most g p(|P|) elements and since every subgroup of P is a 
subset containing 1, we can summarising deduce that |J (P, Ω)| 
≤ g p(|P|) ≤ |U(P)| ≤ 2 |P| - 1. 

Consider now some n ∈ ℕ and a p-subgroup P of Sn for some 

prime p which is contained in exactly k ∈ ℕ Sylow p-sub-

groups of Sn. Then  n ≤ ( k + p + 1) • |P| • g p(|P|) - 1 ⋆. 

RATIONALE – Suppose n ≥ (k + p + 1) • |P| • g p(|P|). Then G := 
P is a finite group which operates on the set Ω := {1, 2, …, n} 
with |Ω| ≥ (k + p + 1) • |G| • g p(|G|). We show that the number 
of G-isomorphic G-orbits on Ω must be at least k + p + 1. The 
group G partitions Ω into r orbits Ψ1, Ψ2, …, Ψr . Since the orbit 
lengths |Ψ1|, |Ψ2|, …, |Ψr | divide the group order |G|, it follows 
that |Ω| = Σ{|Ψi | | 1 ≤ i ≤ r} ≤ r • |G|; hence if r ≥ (k + p + 1) • 
|J (G, Ω)|, then by the pigeonhole principle there will be at least 
k + p + 1 many G-isomorphic G-orbits on Ω. ■  Therefore P 

has at least k + p + 1 many P-isomorphic P-orbits on Ω. This 
implies, as we show below, that there are at least |SylpSk+p+1| 
many P-invariant Sylow p-subgroups of SΩ. Since also |SylpSn| 
≥ n - 2 for n ∈ ℕ (see Lemma 1 below), |SylpSk+p+1| ≥ ( k + p + 1) 
- 2 = ( k + 1) + ( p - 2) ≥ k + 1 follows.                                      ■ 

a) For all 0 ≤ k ≤ b let jk denote the number of conjugacy 

classes of subgroups of index pb−k in P. Then clearly j0 = 1, j1 = 1 
and jb = 1, but also jb−1 ≤ ( |P| - 1) / ( p - 1): the Frattini subgroup 
Φ(P) of P has an elementary abelian factor group of rank ≤ b,  
 

 
 
 

since a maximal subgroup of a finite p-group is normal of index 
p, whence jb−1 represents the number of the one-dimensional 
subspaces of the GF(p)-vectorspace P / Φ(P). Now suppose that 
the isomorphic subgroups of P are conjugate. Then j2 = 2, 
since there are two isomorphism types of groups of order p2, the 
cyclic group and the elementary abelian group, j3 = 5, since there 
are five isomorphism types of groups of order p3, and j4 ≤ 15, 
since there are 14 isomorphism types of groups of order 24 and 
15 isomorphism types of groups of order p4 for p ≠ 2 (see [23]). 
It follows that j0 + j1 + j2 + j3 + j4 + jb−1 + jb ≤ (|P| - 1)  / ( p - 1) + 25. 
Considering a chief series for a group of order pk (k ∈ ℕ) one 
can determine the number of maximal possible multiplication 
tables of groups of order pk and thus obtain rather simply the  

estimate ipk ≤ p(k3- k)
 
/

 
6 for the number ipk of isomorphism types 

of groups of order pk (see [28], Theorem 3.1). Since we can 
calculate Σ{(k3 - k) / 6 | 5 ≤ k ≤ b - 2} = (see under https://www. 
numberempire.com/seriescalculator.php) ((b-2)4+2(b-2)3+(b-2)2)/4- 
((b-2)2+b-2)/2-90, it now follows the rather cool inequality  

Σ{jk | 5 ≤ k ≤ b - 2} ≤ p(( b - 2)4 + 2 ( b - 2)3 + ( b - 2)2) / 4 - (( b - 2)2 + b - 2) / 2 - 90. 
Summarising we get g p(|P|) ≤  

p(( b - 2)4 + 2 ( b - 2)3 + ( b - 2)2) / 4 - (( b - 2)2 + b - 2) / 2 - 90 + (|P| - 1) )  / ( p - 1) + 25.  □ 

b) We may assume that the group P operates faithfully on An 
which is a normal subgroup of index 2 in Sn. If n ≤ 5 or n ≥ 7 the 
automorphism group Aut(An) of An is known to be isomorphic 
to the group of inner automorphisms of Sn which is isomorphic 
to Sn (see [51], Satz 1.9). Aut(A6) is the semidirect product of a 
group C2 of order 2 with S6 (see [32]). Thus P is (isomorphic to) 
a p-subgroup of Sn or of C2 • S6 which normalises k Sylow 
p-subgroups of An. Every Sylow 2-subgroup of An lies in only 
one Sylow 2-subgroup of Sn, since An contains for n ≥ 5 just as 
many Sylow 2-subgroups as has Sn, and a Sylow 2-subgroup of An 
is its own normaliser in Sn (see [59]). Thus the p-subgroup P 

of Sn (or of C2 • S6, if p = 2) lies in exactly k many Sylow 
p-subgroups of Sn. (If k ≥ 2 then even k ≥ p + 1 because the 
number of all Sylow p-subgroups of the semidirect product 
P • Sn is congruent to 1 modulo p.) We digress now and permit a 
short memory parenthesis: When G is a finite group, P a 
p-subgroup of G and S ∈ SylpG, then the operation of P by 
conjugation on C(G,S ) := {S 

x | x ∈ G} has at least one fixed 
point, that is (∃ x ∈ G )( P 

x ⊆ S ), and for P ∈ SylpG exactly 
one, that is, |SylpG| = |G:NGS| = |C(G,S )| ≡ 1 (mod p); hence G 

satisfies the Strong Sylow Theorem for the Prime p, that is, every 
U ∈ U(G) conjugates transitively on SylpU, and thus we have 
the Frattini argument for G (and p), that is, if N is a normal  

________________________ 
⋆ If P is a p-uniqueness subgroup of Sn, then n ≤ ( p + 2) • |P | • 2 

|P| - 1. 
If the countable group S(N) would satisfy the Sylow Theorem for the 
prime p, then by Theorem 3.4 of [15] it would even satisfy the Strong 
Sylow p-Theorem, and thus it would by Theorem 3.9 of [15] contain a 
p-uniqueness subgroup P. Now S(N) has a nested local system {Un | n ∈ ℕ} 
with Un ≈ Sn for all n ∈ ℕ. Since P is finite, there exists an m ∈ ℕ with 
P ⊆ Um. Then P would be singular in Un for all n ∈ ℕ with n ≥ m and 
we get the rubbish n ≤ ( p + 2) • |P| • 2 

|P| - 1 for all n ≥ m. Similarly, 
every finite p-subgroup of S(N) is contained in at least 0א Sylow p-sub-
groups of S(N) since S(N) does not satisfy the Sylow p-Theorem. 
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subgroup of G and P ∈ SylpN, then NGP covers G / N, that is, 
G = N • NGP. ■  We now put m := k + p +1 and are supposing 
n ≥ m • |P | • gp(|P|). Then according to the remarks made at the 
outset, when arguing for the RATIONALE, there will be at least 
m many P-isomorphic P-orbits on Ω. 

In order to proceed we need a lower bound for |SylpS
Ω|: 

Lemma 1. Let p be a prime and let n ∈ ℕ. 

α) If p > n, then |SylpSn| = 1. 

β) If ((p, n) = (p, 1), (2, 2), (2, 3), (3, 3), (2, 4), (3, 4)), then  

     |SylpSn| = (n = 1, n - 1 = 1, n = 3, n - 2 = 1, n - 1 = 3, n = 4). 
γ) If p ≤ n and n ≥ 5, then |SylpSn| ≥ n. 

δ) If p ≤ n, then |SylpSn| ≥ n - 2. 

RATIONALE – α) Sn is a p’-group for p > n since n! = |Sn|.  

β) |SylpS
1| = 1 for all p because of S1 = <1> and Syl2S

2 = {S2} 
because of |S2| = 2. Since |S3| = 2 • 3 and |S4| = 23 • 3 we have 
|Syl2S

3|, |Syl2S
4| ∈ {1, 3} and |Syl3S

3|, |Syl3S
4| ∈ {1, 4} because 

of |SylpG| ≡ 1 (mod p). From |S3:A3| = 2 follows that A3 is a 
normal subgroup of S3 whence |Syl2S

3| = 3 because S3 is non-
abelian. We know that S4 has exactly two non-trivial proper 
normal subgroups, namely the Klein four-group and the A4, and 
therefore has neither a normal Sylow 2-subgroup nor a normal 
Sylow 3-subgroup, whence |Syl2S

4| = 3 and |Syl2S
4| = 4. 

γ) We show first: (i) If n ≥ 5 then Sn contains just one non-

trivial normal subgroup, namely the An. RATIONALE – Let (if 
possible) <1> ≠ N ⊆ Sn be normal in Sn with N ≠ An; then N ∩ An 
= <1> since An is simple, hence |N| • |An| = |N • An| divides |Sn|, 
and so |N | = 2; as a 2-transitive group Sn is primitive whence N 

operates trivially or transitively which is clearly impossible for 
|N| = 2. ■  Since |SylpS

n| ≡ 1 (mod p) it follows from (i), |Sn:An| 
= 2, and |Sn| = n! that |SylpS

n| ≥ 3. Since |SylpS
n| = |Sn:N Sn S | for 

S ∈ SylpS
n it now suffices to show the following: (ii) Let n ≥ 5 

and 3 ≤ k ≤ n - 1. Then Sn has not any subgroup of index k at all. 

RATIONALE – Suppose there exists a subgroup U of Sn with 
|Sn:U| = k. The transitive operation of Sn on R(Sn,U) via right 
multiplication gives rise to some homomorphism φ: Sn → Sk. 
Because of k ≤ n - 1 we have <1> ≠ kernel φ ⊆ U and since 
k ≥ 3 we have |kernel φ| < |An|. By (i) this is impossible. ■ 

δ) follows from point β) and point γ).                                     ■ 

We return to the group P operating on Ω with at least m 
many P-isomorphic P-orbits. Application of Lemma 1 gives 
|SylpS

m| ≥ m - 2 = ( k + p + 1) - 2 = ( k + 1) + ( p - 2) ≥ k + 1. 
Therefore it remains to prove that if Sylp(S

Ω, P) := {S ∈ SylpS
Ω | 

S is P-invariant} and there are at least m many P-isomorphic 
P-orbits on Ω, then |Sylp(S

Ω, P)| ≥ |SylpS
m|. For each 1 ≤ i ≤ r let 

Vi be the point stabiliser of Ω \ Ψi in SΩ; hence Vi ≈ SΨi. Then 
we truly have P ⊆ D := < Vi | 1 ≤ i ≤ r >. Let B be the set of 
permutations on Ω which interconvert in entire blocks the 
P-isomorphic Ψi’s and let the remaining Ψi’s pointwise fixed. 
Then B ⊆ SΩ with B ≈ Sm and wirh B ∩ D = <1>. Because B 
interchanges only P-isomorphic P-orbits, it is normalised by D. 
Hence K := <B, D> is the semidirect product B • D, and so D is 
normal in K with K / D ≈ B. Now let Q ∈ SylpK with P ⊆ Q.  
 

 
 
 

Since D is normal in K and the finite group K satisfies the Sylow 
Theorem for the Prime p, we have P ⊆ D ∩ Q ∈ SylpD and by 
the Frattini argument (see above) NK(D ∩ Q) / ND(D ∩ Q) ≈ K / D. 
It follows that |Sylp(S,P)| ≥ |{R ∈ SylpK | P ⊆ R}| ≥ |{R ∈ SylpK | 
D ∩ R = D ∩ Q}| = |Sylp(NK(D ∩ Q) / ND(D ∩ Q))| = Sylp(K / D)| 
= |SylpS|.                 □   Q.E.D. (Quod Erat Demonstrandum) 

Corollary. Let G be a simple locally finite group of alternating 

type with Kegel covers {(Rk
U,Mk

U) | U ∈ Σ, k ∈ ℕ} as described 

on Page 4 satisfying the Strong Sylow Theorem for the Prime p 

and let PU for each Σ-group U be a p-uniqueness subgroup of U 

(see [15]). Then we have the inequality r (Rm
U

 / Mm
U) ≤ fp(|PU

 |) := 
( p + 2) • |PU

 | • 2 
|P| - 1 - 1 for all m ≥ k(U) and for all U ∈ Σ , and G 

is a linear group and a countable group. 

Proof. Our Theorem 1, [47], and [43], Theorem 1.L.2.            □ 

We keep the overall context of the Corollary and let G be a 
locally finite group satisfying the Strong Sylow Theorem for the 
Prime p and let P be a p-uniqueness subgroup of G. In view of 
Theorem 1 it is of rather considerable interest whether resp. when 

isomorphic (finite) subgroups of P are conjugate. Therefore let 
Q and Q* be isomorphic subgroups of P and also let r be their 
common index in P. The left regular representation λg: h → gh 

for all h ∈ P (g ∈ P) and the right regular representation 
ρg: h ↦ hg−1 for all the h ∈ P (g ∈ P) both embed P into the 
symmetric group SP on P. Now a famous result by Philip Hall 
(see [26], Lemma 1) establishes that either regular representation 
maps isomorphic subgroups onto conjugate subgroups: let x ↦ x* 
(x ∈ Q) be an isomorphism of Q onto Q*; let {y1, y2, …, yr} be 
a complete set of left coset representatives of Q in P and 
{y1*, y2*, …, yr*} be such a set of left coset representatives of 
Q* in P; the mapping ξ: yi x ↦ yi*x* (x ∈ Q | i = 1, 2, …, r) is a 
permutation of P, so that ξ ∈ SP; if t ∈ Q and if ρ is any regular 
representation of P, we then have yi*x*ξ −1ρ(t)ξ = yi x ρ(t)ξ = 
yi(xt)ξ = yi*(xt)* = yi*x*t*, since * is a homomorphism, so that 
ξ −1ρ(t)ξ = ρ(t*); hence ξ transforms ρ(Q) into ρ(Q*). ■  However, 
we should in fact need conjugacy not only in SP but in P itself. 
This is an open problem. Note that if this would be solved without 
restrictions then in a (locally finite) p-group, the simplest locally 
finite group satisfying the Strong Sylow Theorem for the Prime p … , 
isomorphic finite subgroups would be conjugate, a rather striking 
property. Hence the solution will probably need restrictions. 
 
 

 
Sìsifo by Tiziano - Oil on Canvas, 1548 - 1549  
© Museo Nacional del Prado, Madrid 

            Les dieux avaient condamné Sisyphe à rouler  
            sans cesse un rocher jusqu’au sommet d’une  

         montagne d’ou la pierre retombait par son propre  
                    poids. … Il faut imaginer Sisyphe heureux. 

     Die Götter hatten Sisyphos dazu verurteilt, einen  
       Felsblock unablässig den Berg hinaufzuwälzen,  

          von dessen Gipfel der Stein kraft seines eigenen  
    Gewichts wieder hinunterrollte. … Wir müssen uns  
  Sisyphos als einen glücklichen Menschen vorstellen. 

    The gods had condemned Sisyphus to ceaselessly  
              rolling a rock to the top of a mountain, whence  

                 the stone would fall back of its own weight. …  
                                 One must imagine Sisyphus happy. 

       Gli dei avevano condannato Sìsifo a far rotolare  
         senza posa un macigno sino alla cima di una  

 montagna, dalla quale la pietra ricadeva per azione  
del suo stesso peso. … Bisogna immaginare Sìsifo felice. 
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3. About Kegel covers 

Let G be a locally finite group. A set of pairs {( Hi ,Mi ) | i ∈ ℑ} 
is called a Kegel cover for G if, for all i in ℑ, Hi is a finite 
subgroup of G and Mi is a maximal normal subgroup of Hi, and 
if for each finite subgroup H of G there exists an i ∈ ℑ with 
H ⊆ Hi and H ∩ Mi = <1>; the groups Hi / Mi (i ∈ ℑ) are called 
the factors of the Kegel cover (see [49]). In [14] we introduced 
the concept of the ⋆-sequence for G. Let G be a countably 
infinite simple locally finite group. We then are defining a 
⋆-sequence for G as a set of pairs {(Rn,Mn) | n ∈ ℕ} where {Rn | 
n ∈ ℕ} is a nested local system for G and for all n ∈ ℕ the 
group Rn is perfect, Rn ≠ Rn+1 and Mn+1 is some maximal normal 
subgroup of Rn+1 with Mn+1 ∩ Rn = <1>, that is, the factor Rn / Mn, 
which is a non-abelian finite simple group, is (isomorphic to) a 
proper section of the non-abelian simple group Rn+1 / Mn+1, and 
therefore {Rn | n ∈ ℕ} is totally ordered by involvement. Such 
a group G has a nice ⋆-sequence (see [14], and [42], p. 20, and 
[43], Lemma 4.5, which tough Kegel calls an “approximation 
principle”, and [44], Theorem 2.6, and the origin as the rather 
smart concept of a so-called “ -Folge ” introduced in [41], 
Definition 2.1 and Hilfssatz 2.2 [but see the Remark on p. 116 
of [43] regarding Hilfssatz 2.2]; see also [49], Lemma 3.4). 
Brian Hartley refers to a ⋆-sequence, where the Rn’s need not 
to be perfect, as a Kegel sequence (see [27], Definition 2.2). He 
moreover states rather enlightening that the nomenclature of 
covers and sequences is more recent and even dedicates the entire 
Chapter 2 of [21] to Kegel sequences and to Kegel covers. 

Proposition 1. Let G be a countably infinite simple 
locally finite group. If {(Rn,Mn) | n ∈ ℕ} is some  
⋆-sequence for G, then it is a Kegel cover for G. 

Proof. If H is a finite subgroup of G, there exists an Rk of the 
nested local system {Rn | n ∈ ℕ} for G with H ⊆ Rk ⊆ Rk+1 
( k ∈ ℕ) and then H ∩ Mk+1 = <1>.                                          □ 

U. MEIERFRANKENFELD (see [49]) classified (with the help 
of S. DELCROIX) simple locally finite groups G according to 
their Kegel covers (see [10]): finitary (there exists a field F 
and a faithful F G-module V such that V ( g - 1) = [V, g] is finite 
dimensional for all g ∈ G) (see [25]), of 1-type (where each 
Kegel cover has an alternating factor), of p-type for a unique 
prime p (where each Kegel cover has some classical group in 
characteristic p as some factor), and of ∞-type (which have a 
Kegel cover all of whose factors allow embedding of every 
finite group). He proved earlier pretty much surprisingly that a 
non-finitary such group is either of alternating type (hence of 
1-type or of ∞-type) or (of p-type and of projective special 

linear type) (see [48] and the marvellous preprint at https:// 
users.math.msu.edu/users/meierfra/Preprints/Nflfsg/nflfsg.html). 

It had been inadvertently suggested that the results of this 
paper were a consequence of [25] and alternatively of “J.I. 
HALL – B. HARTLEY: ‘A group theoretical characterization of 
simple, locally finite, finitary linear groups ’, Arch. Math. (Basel) 
60, Issue 2 (February1993), 108-114.” since the groups considered 
were thought to be finitary. However, this thinking is not true. 
 

 
 
 

The joint paper by Hall and Hartley does not refer to Kegel 
covers and especially do both papers not refer to the p-uniqueness 
subgroups (Flemisch) resp. to the singular p-subgroups (Kegel). 
It had then been wrongly argued that the Kegel kernels Mi were not 
considered which in the given situation were claimed to be <1> 

for all i ∈ ℕ. But the Kegel factors Ri / Mi were considered and 
not only the kernels Mi nor were the kernels all <1>. By rather 
vivid imagination it had then been quite wrongly concluded that 
the groups considered would become finitary linear locally finite 
simple groups which were classified by [25] (which is true). 
Even if all this would be true, [25] does not prove the results of 
this paper nor all the more so the paper by Hall and Hartley. 

4. Planning future research – Part 1 

We have seen that a simple locally finite group G can be 
covered by countable simple locally finite groups U each of 
which possesses a ⋆-sequence {(RU, MU) | n ∈ ℕ} and so is in 
some sense a limit of the (approximating) sequences RU

 / MU 
(n ∈ ℕ) of finite non-abelian simple groups. If all the factors 
of the Kegel covers for all U, that is, all the RU

 / MU’s, belong 
to the same family Ξ of the infinite families {An, A = PSLn , 
B = PΩodd n , C = PSpn , D = PΩ+

odd n , 2A = PSUn , 2D = PΩ−
even n , 

E6 , E7 , E8 , F4 , G2 , 2B2 , 3D4 , 2E6 , 2F4 , 2G2}, we call G to 
be of type Ξ. We propose to prove Kegel’s conjecture for all 
these types seratim, that is, one type after another in the given 
succession, and started already with the first type Ξ = “An ”. 

Our Theorem 1 could be optimised in two ways: 

1) Extend it from type An step-by-step to further types Ξ with 
an appropriate (similar) function fp , that is, the rank r (G) of a 
finite group G of type Ξ is bounded by fp(|P|) whenever P is a 
given p-uniqueness subgroup of G. 

2) Determine for the type An and peu à peu for further types Ξ 
all the minimal p-unique subgroups, that is, the p-uniqueness 
subgroups of the non-abelian simple groups of type An and of 
type Ξ, which are minimal with respect to order (see [15]). 

Note that whilst way 2) is of great interest for all types and 
also for sporadic ⋆ (whereas it is trivial for abelian p), way 1) is 
not of interest for the families {E6, E7, E8, F4, G2, 

2B2, 
3D4, 

2E6, 
2F4, 

2G2} because these families have a fixed rank (label) and so 
are infinite only through the underlying field. 

We recall from [15] the Theorem 4.1 and its consequences: 

Theorem 4.1 (see [14]). Let G be a locally finite group 

satisfying the Strong Sylow Theorem for the Prime p. 

a) Each Sylow p-subgroup of G contains at least one  

    (w.r.t. order) minimal p-unique subgroup of G. 

b) Every two (w.r.t. order) minimal p-unique subgroups of G  

    have the same order.                                                              □ 

Let G be a beautiful locally finite group satisfying the Strong 
Sylow p-Theorem and let S ∈ SylpG. According to our Theorem 
4.1 a), S contains some (w.r.t. S ) minimal p-unique subgroup F. 
We define ap = ap(G) ∈ ℕ0 by |F| =: pap, that is, we let ap be the 
composition length of F. Then according to our Theorem 4.1 b) 
 



Citation: Felix F. Flemisch (2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups. Journal of Mathematical & Computer Applications. 
SRC/JMCA-229. DOI: doi.org/10.47363/JMCA/2025(4)198

J Mathe & Comp Appli, 2025                   Volume 4(1): 8-71Volume 4(1): 8-71 

Citation: Felix F. Flemisch (2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups. Journal of Mathematical & Computer Applications. 
SRC/JMCA-229. DOI: doi.org/10.47363/JMCA/2025(4)198 

J Mathe & Comp Appli, 2025 

 

 

 
 

 

this definition is independent of the special choice of the Sylow 
p-subgroup S of G, whereby in consequence ap is a (numerical) 
Sylow p-invariant of G. We call ap the p-uniqueness of G. 

Then the optimising way 1) can be stated as follows: 

Conjecture 1. Let T  := { abelian p , A = PSLn , B = PΩodd n , 
C = PSpn , D = PΩ+

odd n , 2A = PSUn , 2D = PΩ−
even n , E6 , E7 , 

E8 , F4 , G2 , 2B2 , 3D4 , 2E6 , 2F4 , 2G2 , sporadic ⋆} be the family 

of types of known finite simple groups and let G be a finite  

simple group of type Ξ ∈ T . Then the rank r (G) of G is 

bounded in terms of the p-uniqueness ap(G). 

Brian Hartley (15 May 1939 until 8 October 1994) in his 
Mathematical Review of [44] (see MR981832 [MR 90c #20037 
(March 1990)]) stated the following: “If the simple locally finite 

group G satisfies the Strong Sylow Theorem for the (even one) 

Prime p, then G is linear. This depends on the classification of 

finite simple groups and an assertion about singular p-sub-

groups of classical groups. Another proof of this result has 

since been given by the reviewer (not yet published).” The 
assertion mentioned is Kegel’s conjecture (see [44], Theorem 
2.4). However, due to the so very tragic death of Prof. Hartley 
in 1994, aged 55 (see [14]), this certainly highly insight gaining 

proof was never prepared for publication. Hartley wrote 1994 a 
very eye-opening paper on simple locally finite groups (see 
[27]) which, however, did not refer to Kegel’s work [44] and 
not even included it in its list of 56 references. The paper could 
appear only posthumously which most likely is the reason for 
the full ignorantness of Kegel’s paper. Hartley’s paper was 
meticulously completed and carefully prepared for publication 
by Richard E. Phillips (3 December 1936 until 9 November 
1999). We consider it much rewarding, even after 30 years, to 
inspect Hartley’s estate In Search of not Lost Notes (see Marcel 
Proust [10 July 1871 until 18 November 1922]: “À la recherche 
du temps perdu” / “In Search of Lost Time” / “Auf der Suche 
nach der verlorenen Zeit” / “Alla ricerca del tempo perduto” / “En 
busca del tiempo perdido” / “Em busca do tempo perdido”). 

Now as a very first step towards solving Conjecture 1 for 
the second type Ξ = “A = PSLn”, we state another conjecture 
w.r.t. the general linear group over locally finite fields (see [14]): 

Conjecture 2. Let n ∈ ℕ and let p be a prime.  

Let F  be a locally finite (commutative) field. 

a) If F  has characteristic p and ap = ap(GL(n,F ))  
    then n ≤ (  p + 2) • pap - 1. 
b) If F  has characteristic ≠ p and ap = ap(GL(n,F ))  
    then n ≤ (  p + 2) • p2ap - 1. 

In the entire paper we do not refer to the classification of 
finite simple groups (see [23], [61] and Page 3) but prefer to 
talk about the 19 families of “known” finite simple groups. Our 
efforts are directed towards knowing much better their Sylow 
subgroups. We hope to find useful insights about the Sylow 
subgroups of classical groups in the ATLAS of Finite Groups 
[8] and in the comprehensive literature about them. 

 
 
 

The classification of the finite simple groups 
(13 sporadic groups above 18 infinite families around another  

“sporadic” group and further 13 sporadic groups below) 
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Kegel’s lectures [44] present the very basics of Sylow theory 
in locally finite groups, give an overview of the prodigious work 
of Brian Hartley and Andrew Rae on the Sylow theory in locally 
finite and p-soluble groups, and reveal in great detail the normal 
structure for groups satisfying the Strong Sylow Theorem for the 
Prime p in the general case (for p ≥ 5). Chapters 2 and 4 of [12] 
give a rather good overview as well but alas without appreciating 
Kegel’s very insight gaining work properly and avoiding all its 
beautiful details. We cite from the Preface of [12]: “The condition 

that all the maximal p-subgroups of a locally finite group are 

conjugate is a very strong condition indeed; the structure of 

those groups has been obtained in the locally p-soluble case 

by Hartley and in the general case by Kegel. The Hartley-

Kegel theorem is quite involved so I decided to simply state 

the results obtained.” Also, simple groups are not in the scope 
of [12] and therefore [12] must be supplemented by [27]. 

Although this paper is about simple groups we cannot help to 
close with a brief attention to p-soluble groups since it is the joint 
study of the (locally) simple and the (locally) p-soluble groups 
which directs reliably the Sylow theory in (locally) finite groups. 

In Chapter “2 Some length type inequalities” of his rather 
remarkable contribution [47], Alexandre Turell (see https://people.  

clas.ufl.edu/turull/ ) states a conjecture of Thomas  

R. Berger (which dates back to John G. Thompson in the 1970’s): 
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Conjecture 2.3 (see [3]). Let p be a prime. There exists a 

linear function f p such that if G is a finite p-soluble group with 

p-length λ p(G) and P is a subgroup of G of order pk ( k ∈ ℕ) 
contained in precisely one Sylow p-subgroup then λ p(G) ≤ f p (k). 

Having studied the very most of the hereof related literature 
published by Brian Hartley, by Andrew Rae, and by Thomas R. 
Berger, we profess to have happily discovered such a linear 
function, namely our nice ap. Therefore we can state Thomas R. 
Berger’s conjecture more precisely (and best possible) as our  

Conjecture 3. Let p be a prime. Let G be a p-soluble  

finite group, λ p(G) be its p-length, and ap(G) be its  

p-uniqueness. Then λ p(G) ≤ ap(G) + 1. 

It is much expected that the cases p ≥ 5, p = 3 and p = 2 
must be treated fairly separately and also that p = 3 and p = 2 
will require fairly special methods as already indicated by the 
available literature. A. Turell gives in Section 2 of [53] a quite 
concise overview of the classical Hall-Higman theory created 
by P. Hall, G. Higman, A.H.M. Hoare, T.R. Berger, F. Gross 

and E.G. Bryukhanova, which introduces for finite p-soluble 
groups (best possible) inequalities between their p-length λp 

and the order pbp of a Sylow p-subgroup, its nilpotency class cp, 
its solubility length dp, its exponent p

ep, or the rank rp of a 
maximal elementary abelian subgroup. Our aim is to extend 
the Hall-Higman theory to the very beautiful p-uniqueness pap  

of a Sylow p-subgroup, an Herculean  endeavour.  
It is in this context that A. Turell cites T.R. Berger’s conjecture 
and presents some results up to 1994 with regard to partly 
solving it but they are very gey far from being complete, in 
particular concerning the basic results of B. Hartley and A. Rae. 
But on the other hand T.R. Berger presents in [3] a, as he says, 
reasonably complete list of references up to 1979, including 15 
of his own contributions, where eleven are related to p-length 
problems, and discusses his method of proof for p-length and 
other length type problems in a considerably detailed fashion. 

5. Proof of Theorem 2 

Proof. We begin with some general remarks (see [9], Chapter II, 
and [11], Chapters 1 and 2). Let F  be a field, V ≠ {0} be a 
vector space over F  with its automorphism group GL(V ), and 
let G be a group. V is called a G-module over F  and G operates 

on V, if a homomorphism of groups φ: G → GL(V ) is declared. 
φ is then called a linear representation of G on V over F . Every 
permutation representation of G on a set Ω ≠ Ø now induces a 
G-module V(Ω), called the permutation module of (G,Ω) over F . 

Therefore to every subgroup U of G belongs the G -module 
V(R(G,U)) (see Page 5 and Page 6) with respect to (w.r.t.) 
multiplication from the right. A subspace W of V is called 
G-invariant or a G-submodule, if for all x ∈ G we have x 

φ(W ) 
⊆ W, that is, φ induces an operation of G on W. We say that 
G operates on V irreducible, if V contains exactly two G-sub-  

 

 

modules (namely {0} and V ), and completely reducible, if to 
every G-submodule W of V there exists a G-submodule X of V 

with V = W ⊕ X , equivalently, if V is decomposable into a direct 
sum of minimal G-submodules. G operates on V non-modular, if 
charF  = 0 or charF  ≠ 0 and G contains no charF -elements ≠ 1; 
otherwise G operates modular on V. Now let V1 be another 
G-module over F  on which G operates via φ1. Then V is called 
G-isomorphic to V1 , if there exists an isomorphism of vector 
spaces ψ: V → V1 such that the such beautiful diagram shown  

commutes for all x ∈ G:    

Every irreducible G-module is G-isomorphic to a factor module 
of V(R(G,<1>)): the class J (G,F ) of all G-isomorphism types 
of irreducible G-modules is a duly set of ( finite-dimensional ) 
vector spaces over F  all of which have their dimension ≤ |G|. 

We now start the proof of Theorem 2 by quoting two fairly 
well-known facts about non-modular linear representations (see 
[22], Chapter 3, Theorem 3.1, and [11], Theorem 10.8, for point a), 
as well as [9], Theorem 27.22 with Remark 27.25, for point b)). 
We denote for point b) by h(G) the class number of G, that is, 
the number |{xG | x ∈ G}| of conjugacy classes of G. 

Proposition 2. Let G be a finite group. 

a) (Heinrich Maschke, 1898) Every non-trivial non-modular  

    finite-dimensional G-module is completely reducible. 

b) Let F  be a field with (charF ,|G| ) = 1.  
    Then there are at most h(G) many G-isomorphism  

    types of irreducible G-modules over F .                                ■ 

We use Proposition 2 b) straight away to prove the following: 

Proposition 3. 
a) There exists a function γ: ℕ → ℕ with the following property: 

    If G is a finite group, F  a field with (charF ,|G| ) = 1  
    and J (G,F ) the class of all G-isomorphism types  

    of irreducible G-modules over F , then J (G,F )  
    is a genuine set with |J (G,F )| ≤ γ(|G|). 
b) Let G be a finite group, F  a field with (charF ,|G|) = 1  
    and V a finite-dimensional G-module over F .  
    Let J (G,V ) be the set of G-isomorphism types  

    of irreducible G-submodules of V. Then |J (G,V )| ≤ γ(|G|),  
    where γ is the function from point a). 

RATIONALE – a) We define γ: ℕ → ℕ simply by γ(n) := n. 
Then h(G) ≤ γ(|G|). Since by Proposition 2 b) there is an injective 
mapping of J (G,F ) into {xG | x ∈ G} the assertion follows. 

b) follows from point a).                                                            ■ 

Up next we use Proposition 2 a) and Proposition 3 b) to prove 

Proposition 4. Let G be a finite group and k ∈ ℕ. Let V be a finite-

dimensional non-modular G-module with dim(V ) ≥ |G| • γ(|G|)| • k , 

where γ is the function from Proposition 3 a). Then there exist at 

least k many G-isomorphic irreducible G-submodules of V. 
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RATIONALE – By Proposition 2 a) and a trivial induction on 
dim(V) there are m irreducible G-submodules Ui of V with V = 
⊕{Ui | 1 ≤ i ≤ m}. If 0 ≠ vi ∈ Ui then < vi

x | x ∈ G > is a 
G-submodule of V and thus dim(Ui) ≤ |G| (1 ≤ i ≤ m). Now let 
J  (G,V) be the set of G-isomorphism types of irreducible 
G-submodules of V. If m ≥ k • |J  (G,V )| then by the pigeonhole 
principle there will be just k many G-isomorphic irreducible 
G-submodules of V. Because of dim(V ) = Σ{dim(Ui ) | 1 ≤ i ≤ m} 
and m ≤ {dim(Ui ) | 1 ≤ i ≤ m} ≤ m • |G|, we have dim(V) / |G| ≤ 
m ≤ dim(V ). Thus there are at least k many G-isomorphic 
irreducible G-submodules of V if only dim(V ) ≥ k • |G| • |J (G,V)|. 
So the assertion follows from Proposition 3 b).                      ■ 

Recall that a finite group G operates modular on a G-module V 

if G = <1> or G operates not non-modular on V. Therefore a 
finite p-group for the prime p operates modular on every vector 
space over the field F  if and only if charF  = p. We prove next 
two elementary facts (see [22], Chapter 2, Lemmata 6.2 and 6.3): 

Proposition 5. 

a) Let G be a group, N be a normal subgroup of G  

    and V be a G-module. Then CV (N) :=  
    {v ∈ V | vx = v for all x ∈ ℕ} is a G-submodule of V. 

b) Let P be a finite p-group for the prime p and let V be  

    a non-trivial modular P-module. Then CV (P) ≠ {0}. 

RATIONALE – a) Put U := CV (N). Then U is a subspace of V. 

Let u ∈ U and x ∈ G. For y ∈ N we have also y 

x-1
 ∈ N, since N 

is normal in G, and so u 
y

 

x-1
 = u. Therefore we have u 

x y = u 
x for 

all y ∈ N, that is, u 
x ∈ U. 

b) We carry out an induction on |P|. For P = <1> we have CV (P) 
= V and nothing to prove. Let |P| ≥ p and M be a maximal 
subgroup of P. Then M is normal in P with |P:M| = p. Put U := 
CV (M). Then U is by point a) a P-submodule of V and by the 
induction hypothesis we have U ≠ {0}. Let y ∈ P \ M and y’ ∈ 
GL(U ) be the restriction of y to U. Then y 

p ∈ M and < M,y > = 
M • <y> = P and so CV (P) = U ∩ CV (y) = CU (y’). It remains 
for us to prove that CU (y’) ≠ {0}. Let F  be the field over which V 

is being a vector space and let µ(X) be the minimal polynomial 
of y’ over F . Then µ(X) divides the polynomial Xp - 1 of F [X], 
since y’ has order 1 or p in GL(U ), and p = charF  = charF [X] 
as well. Therefore Xp - 1 = (X - 1) 

p
. Hence µ(κ) = 0 for κ ∈ F  if 

and only if κ = 1, that is, 1 is the only eigenvalue of y’ with 
CU (y’) ≠ {0} as its eigenspace.                                                 ■ 

We are in the very happy position to prove an intriguing 
toughening of Proposition 5 b) which is quite definitely not an 
elementary insight (see as well [43], p. 41, where, however, this 
core assertion is not proved properly and even only for an 
elementary abelian P, and [32], Chapter VIII, Lemma 10.17, 
where, however, only the very special example is considered 
that V is an abelian p-group and P has order p): 

Proposition 6. Let P be a finite p-group for the prime p,  

F  be a field of characteristic p and V be a finite-dimensional  

P-module over F . Then dim(CV (P)) ≥ dim(V ) / |P|. 

 

 

RATIONALE – We refine the proof of Proposition 5 b) and carry 
out an induction on |P|. For P = <1> we have nothing to prove. 
Let |P| ≥ p and M be a maximal subgroup of P. Then M is 
normal in P with |P:M| = p. Put U := CV (M). Let y ∈ P \ M and 
y’ ∈ GL(U ) be the restriction of y to U. Then y 

p ∈ M and 
< M,y > = M • <y> = P and so CV (P) = U ∩ CV (y) = CU (y’). 
From Proposition 5 a) and the induction hypothesis follows that 
U is a P-submodule of V with dim(U ) / p ≥ dim(V) / (|M| • p) = 
dim(V ) / |P|. It thus remains for us to prove the following: 

(⃟)  p • dim(CU (y’)) ≥ dim(U ) . 

Put n := dim(U) and d := dim(CU (y’)). Let µ(X) be the 
minimal polynomial of y’ over F . Then µ(X) will divide the 
polynomial Xp - 1 of F [X], since y’ has order 1 or p in GL(U). 
Because of p = charF  = charF [X] we have Xp - 1 = (X - 1) 

p. 
Hence 1 is the unique eigenvalue of y’ with CU (y’) as related 
eigenspace. In particular d ≥ 1. Let χ(X) := det(y’-X idU) be the 
characteristic polynomial of y’ over F. Then χ(X) has degree n 
and is divided by µ(X). In particular U = kernel(y’-idU)n whence 
y’ is unipotent. RECALL – Let G be a subgroup of GL(n,F ). We 
call x ∈ G unipotent if (x − 1)n = 0, that is, if all eigenvalues of x 

are 1, and call G unipotent if each element of G is unipotent. 
Every unipotent subgroup of GL(n,F ) is some conjugate of a 
subgroup of UT(n,F ), the group of upper triangular matrices. If 
charF  is a prime p, then the unipotent elements of GL(n,F ) are 
precisely the p-elements and UT(n,F ) is a Sylow p-subgroup of 
GL(n,F ). ■  Thus there is an F -basis of U such that the matrix 
of U w.r.t. this F -basis will lie in UT(n,F ). This matrix can be 
decomposed in Jordan normal form as follows. Let τ := y’ - idU 

and for each m ∈ ℕ0 let Cm := kernel(τm). The Cm’s are 
F -subspaces of U with {0} = C0 ⊆ C1 ⊆ Cm ⊆ Cm+1 ⊆ … . 
We have C1 = CU (y’) and Cn = U. Let k ∈ ℕ be minimal w.r.t. 
Ck = U and put r := dim(U / Ck−1). 

Then u ↦ uτk-1
 (u ∈ U ) induces an isomorphism of U / Ck-1 

onto an F -subspace of C1. It follows that r ≤ d. We have τ 
p = 

(y’ - idU) 
p = y’ 

p - idU = 0 since y’ has order 1 or p in GL(U ) and 
p = charF  = charF [X] whence image(τm) = {0} for all m ∈ ℕ 
with m ≥ p. It follows that k ≤ p. Now for each u ∈ U \ Ck-1 we 
define Wu := < u, uτ, …, uτk-1

 > which will be a y’-invariant 
F -subspace of U with dim(Wu) = k. The k x k-matrix A(y’) of y’ 
restricted to Wu w.r.t. {uτk-1

, uτk-2
, …, uτ, u} has the shape shown:  

 .  

There exist u1, u2, …, ur ∈ U \ Ck-1 with U = ⊕{Wui | 1 ≤ i ≤ r}.  
Then the n x n-matrix A(y’) of y’ w.r.t. the basis {u1

τk-1, …, u1, 
u2

τk-1, …, u2 , …, ur
τk-1, …, ur} of U has the above shape as well. 

It now follows that n = k • r and hence n ≤ p • d by the previous 
inequalities. This is (⃟) to be proved.                                       ■ 

The inequality of Proposition 6 is best-possible since for every 
prime p there exists a faithful finite-dimensional Cp-module V  
over GF(p) with dim(CV (Cp)) = dim(V) / p: let q be a prime such  
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that p divides q - 1; the S4 is a semidirect product of the S3 = 
C2 • C3 with the four group C2 x C2 ; this operation can be 
generalised to an operation of Cp • Cq on V := Cp

(q - 1)
; if p = 2 

one gets for every impair prime q the “generalised S4
 ” of order 

2
q
q ; the (classical) Hall-Higman theory can now be used to 

show dim(CV (Cp)) = dim(V) / p (see Page 8 and Page 9). 

We next apply some of the beautiful new ideas of the proof 
of Theorem 1 b) and of Proposition 5 to prove for GL(V ) 
a similar statement as for SΩ where Ω := {1, 2, …, n}: 

Proposition 7. Let V be a finite-dimensional vector space  

over the locally finite (commutative) field F . The finite  

p-group P for the prime p shall operate on V. 

a) Let charF  = p and let V = ⊕{Ui | 1 ≤ i ≤ m}  

    be a direct decomposition of V into irreducible  

    P-submodules according to Proposition 2 a).  
    Let k be the number of P-isomorphic Ui’s.  

    Then there exist at least |SylpSk| many  

    P-invariant Sylow p-subgroups of GL(V ). 
b) Let charF  = p and k := dim(CV (P)). Then there are at least  

    |SylpSk| many P-invariant Sylow p-subgroups of GL(V ). 

RATIONALE – We may suppose without loss of generality 
(w.l.o.g.) that P is a subgroup of GL(V ) and operates by 
conjugation on GL(V ). If S ∈ SylpGL(V ) then SylpNGL(V )(S) = 
{S} and hence P normalises S if and only if P ⊆ S. Therefore 
we have to prove the following: 
(⋆) |{S ∈ SylpGL(V) | P ⊆ S }| ≥ |Sylp Sk|. 

a) We certainly may suppose w.l.o.g. that the first k of the Ui’s 
are P-isomorphic. Let Hi ⊆ GL(V ) be the point stabiliser of 
⊕{Uj | 1 ≤ i ≤ m, j ≠ i}; then Hi ≈ GL(Ui) (1 ≤ i ≤ m). Put D := 
< Hi | 1 ≤ i ≤ m > = ∏0{Hi | 1 ≤ i ≤ m} ⊆GL(V ). Then P ⊆ D. 
Let B be the set of automorphisms of V which interconvert in 
entire blocks the P-isomorphic Ui’s and let the remaining Ui’s 
pointwise fixed. Then B ⊆GL(V ) with B ≈ Sk and B ∩ D = <1>. 
Since B interchanges only P-isomorphic Ui’s, it is normalised 
by D. Hence K := < B, D > is the semidirect product B • D, and 
hence D is normal in K with K / D ≈ B. Now let Q ∈ SylpK with 
P ⊆ Q. Since D is normal in K, we have P ⊆ D ∩ Q ∈ SylpD 
and by the Frattini argument, which follows from the (Strong) 
Sylow p-Theorem for the finite K, NK(D ∩ Q) / ND(D ∩ Q) ≈ K / D. 
It follows that |{S ∈ SylpGL(V) | P ⊆ S}| ≥ |{S ∈ SylpGL(V) | 
D ∩ S = D ∩ Q}| ≥ |Sylp(NK(D ∩ Q) / ND(D ∩ Q))| ≥ |Sylp(K / D)| 
≥ |SylpS|. This is the inequality of (⋆) to be proved. 

b) C := CV (P) is by Proposition 5 a non-trivial P-submodule 
of V. Let D := CGL(V )(C). Then P ⊆ D. Now let C1 be a (not 
necessarily P-invariant) complement to C in V, that is, V = C ⊕ C1. 
Let B be the point stabiliser of C1. Then GL(V ) ≈ B and B ∩ D 

= <1>. For all b ∈ B, d ∈ D and c ∈ C we have c 
(d 

b) = (c 
b-1

)d
 
b 

= (cb-1)b = c. Hence B normalises D and so K := < B, D > = B • D 

whence D is normal in K with K / D ≈ B. Since k = dim(C ), the 
group B contains a subgroup which is isomorphic to Sk, namely 
the group of all permutation matrices of rank k over F  (see 
[11], § 1.3). Therefore |SylpB| ≥ |SylpSk|. Now (⋆) follows 
verbatim as in point a).                                                             ■ 
 

 
 
 

Next we are notably very happy to be able to use the foregoing 
Propositions 4 & 6 & 7 together with Lemma 1 of Page 9 to prove 
a core Lemma from which Theorem 2 follows immediately.  □ 

Lemma 2. Let n ∈ ℕ and let p be a prime. Let F  be a  

locally finite (commutative) field and let P be a finite 

p-subgroup of GL(n,F ) which is contained in exactly  

k ∈ ℕ Sylow p-subgroups of GL(n,F ). 
a) If F  has characteristic ≠ p then n ≤ ( k + p + 1) • |P| 

2 - 1. 

b) If F  has characteristic p then n ≤ ( k + p + 1) • |P| - 1. 

c) If P is a p-uniqueness subgroup of GL(n,F )  
    then n ≤ fp(|P|) := ( p + 2) • |P| 

2 - 1. 

RATIONALE – a) Let n ≥ ( k + p + 1) • |P| 
2. By Proposition 4 and 

since γ(|P|) = |P| by the proof of Proposition 3 a), the space F 
n
 

then has at least k + p + 1 many irreducible P-isomorphic P-sub-
modules. Thus P lies by Proposition 7 a) in at least |SylpSk+p+1| 
many Sylow p-subgroups of GL(n,F ). From Lemma 1 δ) of 
Page 6 we can now conclude |SylpSk+p+1| ≥ k + p + 1 - 2 ≥ k + 1. 

b) Let n ≥ ( k + p+ 1) • |P|. We then have dim(CF 
n(P)) ≥ k + p + 

1 by Proposition 6. Therefore P lies by Proposition 7 b) in at 
least |SylpS| many Sylow p-subgroups of GL(n,F ). Now follows 
from Lemma 1 δ) of Page 6 that |SylpS| ≥ k + p + 1 - 2 ≥ k + 1. 

c) follows from point a) and point b).                                        ■ 

6. Proof of Theorem 3 

A subgroup of GL(n,F ) is locally finite if and only 
if F  is locally finite, that is, if every finitely generated 
subfield of F  is finite. F  is locally finite if and only if it 
is isomorphic to a subfield of , the algebraic closure of 
the nice prime field GF(p) = Fp , for some prime p, and 
hence is countable. Since Fp

m ⊆ Fp
n if and only if m 

divides n (m, n ∈ ℕ), we consider the chain Fp ⊆ Fp
n! ⊆ 

Fp
(n + 1)! ⊆ Fp

(n + 2)! ⊆ … of algebraic extensions, where Fp
(n + 1)! 

is obtained by just adjoining some root α of an irreducible 
polynomial of degree n + 1 over Fp

n!, that is, Fp
(n + 1)! = 

Fp
n!

 (α) (n ∈ ℕ). Then  = ∪{Fp
n! | n ∈ ℕ} = [since Fp

n 
⊆ Fp

n!
 ] ∪{Fp

n | n ∈ ℕ} (see [4], Section 2.2). All the 
subfields of Fp (see [4], Section 2.3) correspond to all the 
locally finite fields in characteristic p. 

Let F ∗ := F  \ {0} be the multiplicative group of F  and 
let SL(n,F ) := {A ∈ GL(n,F ) | det(A) = 1}. 

Proof. GL(n,F ) = SL(n,F ) • F ∗ is the semidirect product 
of SL(n,F ) with F ∗ and the unique Sylow p-subgroup Sp 

of F ∗ is F ∗ if charF  = p and <1> if charF  ≠ p. Thus {S | 
S ∈ SylpGL(n,F )} = {T • Sp | T ∈ SylpSL(n,F )} whence 
every Sylow p-subgroup of SL(n,F ) lies in only one Sylow 
p-subgroup of GL(n,F ). Hence if P is a p-uniqueness sub-
group of SL(n,F ) it is also a p-uniqueness subgroup of 
GL(n,F ). Therefore n ≤ (p + 2) • |P| 

2 - 1 if charF  ≠ p by 
Lemma 2 a) which is Theorem 3 b) and n ≤ (p + 2) • |P| - 1 
if charF  = p by Lemma 2 b) which is Theorem 3 a).    □ 
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7. Proof of Theorem 4 

Let D(SL(n,F )) := {A ∈ SL(n,F ) | A is some scalar 
matrix} be the subgroup of SL(n,F ) of matrices in which 
all off-diagonal entries are zero and the diagonal entries 
are any scalars, that is, elements of F , but not all zero. 
It is very well-known that D(SL(n,F ) is the centre of 
SL(n,F ) and that PSL(n,F ) := SL(n,F ) / D(SL(n,F )). 

Proof. If S is a beautiful Sylow p-subgroup of SL(n,F ), 
then S D(SL(n,F )) / D(SL(n,F )) ≈ S / Z(S) is a Sylow 
p-subgroup of PSL(n,F ) where Z(S) denotes the centre 
(“Zentrum”) of S. If Q is a p-uniqueness subgroup of 
SL(n,F ) then P := Q D(SL(n,F )) / D(SL(n,F )) ≈ Q / Z(Q) 
will be a p-uniqueness subgroup of PSL(n,F ) (see [44], 
1.6, and [15], Proposition 2.3), and conversely, and n ≤ 
fp(|Q|) by Theorem 3. However, even n ≤ fp(|P|) since 
otherwise n ≥ ( p + 2) • |P| resp. n ≥ ( p + 2) • |P|

2
 if 

charF  = p resp. if charF  ≠ p. Since P operates on the 
underlying vector space F 

n
, we have dim(CF n (P)) ≥ p + 2 

by Proposition 6 resp. the space F 
n
 has at least p + 2 

many irreducible P-isomorphic P-submodules according 
to Proposition 4. Therefore P lies in at least |SylpSp+2| 
Sylow p-subgroups of PSL(n,F ) by Proposition 7 which 
is at least 2 by Lemma 1 δ) of Page 6.                           □ 

8. Planning future research – Part 2 

Our proofs of the Conjecture 1 of Page 8 for the 
types Ξ = “An

 ” and Ξ = “A = PSLn”, that is, to carve out 
the optimising way 1), are characterised by the fact that 
we need not at all know their Sylow p-subgroups. There is 
no doubt that we can (easily) extend those proofs rather 
straightforwardly to the types Ξ ∈ “B = PΩodd n , C = PSpn , 
D = PΩ+

odd n , 2A = PSUn , 2D = PΩ−
even n” by considering 

thoroughly the respective bilinear form defining these 
groups of Lie type, resp. the underlying vector spaces 
they act upon as isometries, and their resulting Sylow 
p-subgroups (without knowing them). They can well be 
considered proved which we shall confirm in a follow-up 
paper (see below: the Part 1 of our Second Trilogy). 

Optimising Theorem 1, Theorem 2, Theorem 3 and 
Theorem 4 along the way 2) of Page 7 is much more 
challenging since it requires to determine the (minimal) 
p-uniqueness subgroups of An and of all the classical 
groups. Fortunately, a vast literature about these groups 
and their Sylow p-subgroups is available, even about the 
intersections of their Sylow p-subgroups. The starting 
point for future research into these hugely beautiful objects 
should be the papers by LÉO A. KALOUJNINE (see [32]-
[40]) and by ALAN J. WEIR (see [55]-[58]) and Theorem 
1.4 B of [11] together with [7]. The starting point for 
Sylow p-intersections could be [5] which has a sizeable list 
of references and all sorts of historical details. 

 
 
 

A MATHEMATICIAN, like a painter or a poet, is a maker of patterns. 
If his patterns are more permanent than theirs, it is because they are made  

with ideas. … The mathematician’s patterns, like the painter’s or the poet’s, 
must be beautiful; the ideas, like the colours or the words,  

must fit together in a harmonious way. Beauty is the first test:  
there is no permanent place in the world for ugly mathematics. 

Godfrey Harold Hardy (7 February 1877 until 1 December 1947). 

A Mathematician’s Apology. § 10. July 18, 1940. ISBN 978-1-68422-185-1. 

With a foreword by Charles Percy Snow. ISBN 978-1-107-60463-6. 

The author is passionately curious about the future. 
Der Autor ist sehr leidenschaftlich neugierig auf die Zukunft. 

L’auteur est passionnément curieux de l’avenir.  
L’autore è appassionatamente curioso del futuro. 

O autor è muito apaixonadamente curioso sobre o futuro. 

Felix Fortunatus Flemisch (17 May 1951 until today). 

Firenze. April 11, 1992. 

We now indicate how to continue the way 1) of Page 7 for 
the remaining types Ξ ∈ “B = PΩodd n , C = PSpn , D = PΩ+

odd n , 
2A = PSUn , 2D = PΩ−

even n ” and how to prove the Conjecture 3 
of Page 9 by announcing the two follow-up papers “The Strong 
Sylow Theorem for the Prime p in the Locally Finite Classical 
Groups” and “The Strong Sylow Theorem for the Prime p in 
Locally Finite and p-Soluble Groups” which we hope to finalise 
in 2025. They are the first two parts of The Second Trilogy about 
Sylow Theory in Locally Finite Groups whose third part will 
be our forthcoming research paper “Augustin-Louis Cauchy’s and 
Évariste Galois’ Contributions to Sylow Theory in Finite Groups”. 
The First Trilogy are [15] on p-uniqueness subgroups and [this 
paper] on An and A = PSLn (see the Postscript on Page 15). 

Part 1 of The Second Trilogy considers the locally finite 
classical groups which are the linear, symplectic, unitary and 
orthogonal groups over locally finite fields. The linear groups 
are dealt with in this paper and the others are subgroups of the 
linear groups which are defined through a non-singular bilinear 
form (or a scalar product) which is either skew-symmetric (or 
alternate) or Hermitian or symmetric (defining a quadratic form) 
as the group of isometries of the form. They were introduced in 
the classical books [1] and [60] and are further studied in [6], 
[24] and [52]. We do not refer to the groups of Lie type resp. the 
Chevalley groups and the twisted Chevalley groups being defined 
through a Dynkin diagram automorphism followed by a field 
automorphism, which correspond to the classical groups (see 
[24], pp. 151-152) and whose fine introductory references are 
the “Lecture Notes on Chevalley Groups” by Robert Steinberg 
( 1967 and 2016 ) together with the book “Simple Groups of Lie 
type” by Roger W. Carter ( 1972 and 1989 ). Thus we study 
PΩ odd n , PSp n , PΩ+

even n , PSU n  and PΩ–
even n and not B, C, D, 

2 A and 2 D. Hence the proofs of Part 1 for the further five types 
of Classical Groups can and will also eventually be based on our 
very beautiful Theorem 2 about the General Linear Groups. 

Part 2 of The Second Trilogy considers (locally) finite and 
p-soluble groups. It summarises the work by B. Hartley and A. Rae 
regarding λ p and pap (see Page 38 of [15] and the References of 
[44]) and the foregoing work on the classical Hall-Higman theory 
regarding λ p and pbp, cp, dp, p

ep and rp by P. Hall, G. Higman, 
A.H.M. Hoare, T.R. Berger, F. Gross, E.G. Bryukhanova and  
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last but not least by A. Turell [47] as indicated on Page 8 and 
Page 9. It then proves Conjecture 3 not only in English but 
partly in Portuguese for well-founded historical reasons. 

Part 3 of The Second Trilogy pays tribute to Augustin-
Louis Cauchy’s and Évariste Galois’ contributions to Sylow 
theory in finite groups. It proves in a unified way Lagrange’s 
theorem and Cauchy’s concealed second and third group 
theorems by exploring and using the following three rectangles 
a.k.a. tableaux which we show here for the first time though 
with only minor comments in order to raise inquisitiveness: 

 
rectangle |G| x [H:G] of elements 

 
tableau p x [H:G] / p of cosets 

 
rectangle |H| p x [H:G] / |H| p of cosets 

Subsequently it first corrects a great misunderstanding of 
Cauchy’s work of 1845/1846 in the quite renowned literature 
and then presents Cauchy’s work of 1812/1815 in the sincere 
succession of the earlier work of Joseph-Louis de Lagrange 
(Giuseppe Luigi Lagrangia), of Alexandre-Théophile Vander-
monde and of pioneer Paolo Ruffini, as indicated by Cauchy 
himself, thereby identifying and explaining the crucial parts of 
Cauchy’s first publication of 1812/1815 on group theory. 

 

 

It then presents what Évariste Galois surely knew about 
Cauchy’s group theorems and even already about Sylow’s 
theorems by referring to his published papers and with utmost 
care to his posthumously published papers and to his manuscripts. 

Afterwards it summarises a large number of papers on Early 
group theory and early Sylow theory in finite groups centred 
around both Cauchy’s and Galois’ work and completes this 
résumé with quite exciting own excavations. It then closes with 
grateful Acknowledgements and a sizeable list of References 
which is and must be chronologically ordered and not by the 
names of the authors or institutions as usual. 

In the following we describe Part 3 in more detail. 

We are planning to revise thoroughly Sylow theory starting 
with a really new proof for Cauchy’s known as fundamental 
theorem in group theory (look at https://en.wikipedia.org/wiki/ 
Cauchy%27s_theorem_(group_theory)) based on beautiful ideas 
by Galois. In the forthcoming (third) follow-up Research Article 
“Augustin-Louis Cauchy’s and Évariste Galois’ Contributions to 
Sylow Theory in Finite Groups” beyond our First Trilogy (look 
at Page 15) we first describe and then provide new but classical 
and rather unified proofs for the very fundamental theorems by 
Lagrange and by Cauchy on finite groups being of – in our 
modest opinion – considerable historical relevance. 

We can describe consequences of the absence of group 
elements of prime order p, in spite of their ready availability in 
overgroups, thereby providing a considerably unified and also 
heretofore undiscovered approach to the theorems of Lagrange 
and of Cauchy and their implications for p-groups. Since this 
approach uses only ideas from a very well-known paper by 
Augustin-Louis Cauchy presented first in 1812 and then 
published later in 1815, this bears considerable historic 
relevance. While it is widely acknowledged that Cauchy had 
published his fundamental group theorem not until 1845/1846 
and had there based it on double cosets of the finite permutation 
group and some Sylow p-subgroup of its symmetric overgroup, 
one could henceforth well argue that he had presented his 
theorem in a truly concealed way already a good thirty years 
earlier. Évariste Galois knew both Cauchy’s paper of 1815 and 
– based on his own rather perceptive considerations – Cauchy’s 
group theorem and even already Sylow’s existence theorem. 
Cauchy’s and Galois’ ideas are particularly lucid in the embryonic 
case of permutation groups of prime degree p (≥ 5) when Sylow 
p-subgroups of the symmetric overgroup obviously exist. If G ⊆ H 

with H being finite, then the unified method of proof consists in 
arranging the elements of H in a rectangle with |G| columns and 
[H:G] rows resp. the (right) cosets of G in H in a rectangle with 
p resp. with |H| p columns and [H:G] / p resp. [H:G] / |H| p rows to 
obtain information about [H:G] (see the three rectangles above). 

Cauchy’s theorem of 1812/1815 is a direct consequence of 
[H:< x >] ≥ |G| if x is an element of H of order p with x ∉ G 

which we call a p-blank of G in H ☺. We find that Lagrange’s 
theorem and Cauchy’s theorem are just like two sides of a coin 
where “Lagrange” is representing the case p0 = 1 and “Cauchy”  
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represents the case p1 = p thereby offering a unified approach 
to both theorems. Therefore, “Cauchy” is not only a partial 
converse of “Lagrange” but it is in fact a smart “swapping” of 
p for 1 as well:  p0 = 1 ⟲ p = p1 . 

Cauchy depicts 1815 a p-cycle for some prime p as a regular  

p-gon    and studies p-cycles in considerable detail. 

We present Cauchy’s classical proof of Lagrange’s theorem 
and supplement it with a beautiful modern proof. Afterwards 
we present Cauchy’s classical proofs of his published first 
theorem, of his concealed second theorem and of his concealed 
third theorem. Subsequently we introduce double cosets and 
show how they lead to a modern proof of Cauchy’s second and 
third theorems what Cauchy did as well but not until 1845/1846 
after very thoroughly reconsidering, sustainably impressed by a 
research paper of Joseph Bertrand, his work of 1812/1815, 
that is, after – believe it or not – 30 years. 

We continue with first correcting a great misunderstanding 
of Cauchy’s work of 1845/1846 in the literature and then 
presenting Cauchy’s work of 1812/1815 in the very sincere 
succession of the earlier work of Joseph-Louis de Lagrange 
(Giuseppe Luigi Lagrangia), Alexandre-Théophile Vander-
monde and Paolo Ruffini, as indicated by Cauchy himself, and 
identify, explain and comment the crucial parts of Cauchy’s 
first publication on group theory. Finally we proudly present 
what Évariste Galois knew already about Cauchy’s group 
theorems and about Sylow’s famous theorems by referring to 
his published papers and also to his posthumously published 
papers. However, this will require quite considerable further 
(historical) research. We would be inestimably delighted if 
several group theory researcher would help us with this tedious 
but very suspenseful work and are ready to cöordinate all the 
work. We are then closing with fairly comprehensive Acknow-
ledgements and a greatly sizeable list of References. 

  Augustin-Louis Cauchy  
                                    (21 August 1789 until 23 May 1857) 

  Évariste Galois  
                                    (25 October 1811 until 31 May 1832) 

 
 
 

9. The First Trilogy and The Second Trilogy  
    and their reviews 

The First Trilogy are the papers  

1a) Characterising Locally Finite Groups satisfying the Strong  

       Sylow Theorem for the Prime p – Part 1 of a Trilogy (see [16]),  

1b) Characterising Locally Finite Groups satisfying the Strong  

       Sylow Theorem for the Prime p – Part 1 of a Trilogy.  

       Second edition (see [17]),  

2) About the Strong Sylow Theorem for the Prime p in Simple  

     Locally Finite Groups – Part 2 of a Trilogy (see [18]), and  

3) The Strong Sylow Theorem for the Prime p in Projective Special  

     Linear Locally Finite Groups – Part 3 of a Trilogy (see [19]),  

and The Second Trilogy are the papers  

1) The Strong Sylow Theorem for the Prime p  

    in the Locally Finite Classical Groups,  

2) The Strong Sylow Theorem for the Prime p  

    in Locally Finite and p-Soluble Groups, and  

3) Augustin-Louis Cauchy’s and Évariste Galois’  

    Contributions to Sylow Theory in Finite Groups. 

The mathematical subject matter of The First Trilogy is 

described in its review in Contemporary Mathematics, Volume 4, 

Issue 3, pp. 484-487 (see [20]). 1a) and 1b) of the Trilogy were 

subsequently submitted to Advances in Group Theory and 
Applications (AGTA) and peer reviewed and published there 

(see [15] and Appendix 1) and received a review by Mathematical 

Reviews (see MR4441631) and also a review by Zentralblatt für 

Mathematik (see Zbl 1496.20065). The Postscript on Page 15 

describes briefly the contents of The First Trilogy. 

The review in Contemporary Mathematics was enlarged to 

a much more detailed review in the Journal of Mathematical 
& Computer Applications (JMCA) (see [21]). 

The Second Trilogy is not yet published (and even not yet 

finally developed) and therefore cannot be reviewed, but a review 

along the pattern of [21] is planned and its contents is already 

summarised in great detail in Chapter 8 above. This summary 

will be the basis of the planned review. It is well-expected that the 

published papers will receive a review by Mathematical Reviews 

and a review by Zentralblatt für Mathematik, at least when being 

published by AGTA or by Contemporary Mathematics or by 

JMCA including references to the previous publications. 

However, with these two trilogies the development of Sylow 

theory in (locally) finite groups cannot be finished. In particular, 

it is a major challenge to determine all (minimal) p-uniqueness 

subgroups for the known finite simple groups and their natural 

overgroups, the symmetric and the linear groups, and for the 

(locally) p-soluble groups, distinguishing p ≥ 5, p = 3 and p = 2. 
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Postscript 

The research paper [15] (see MR4441631 and Zbl 1496. 
20065) has as many “actual” pages as there are “known” 
sporadic finite simple groups. As the overwhelming majority 
of group theorists (including the author) believe, these 26 groups 
are now really all and never in the future further “sporadics” will 
appear (not counting the Tits group 2F4(2)’ [as some do] because 
it did in fact not appear sporadically at the stage). A central 
question of Sylow theory in locally finite groups is, as pointed 
out by Prof. Otto H. Kegel (see [44]), how the rank of these 
altogether seven rank-unbounded families of finite simple groups 
{An, A = PSLn , B = PΩodd n , C = PSpn , D = PΩ+

even n , 
2A = PSUn , 

2D = PΩ−
even n} is bounded, say, someway (“in terms of”) by any 

p-uniqueness subgroup P. More precisely, let us discover a nice 
function fp of the order of P or (much more challenging) of the 
p-uniqueness of each of these (classical) groups G, that bounds 
the rank: n ≤ fp(|P|) or n ≤ fp(ap(G)). The author answered 
Kegel’s question in the affirmative already for all the beautiful 
alternating groups An in his Diplomarbeit [14] and he is now 
publishing the answer as Theorem 1 b): n ≤ fp(|P|) := ( p + 2) • 
|P| • 2 |P| - 1 - 1. This is, although it is similar, much worse then 
the result obtained for all the beautiful linear groups GL(n,F ) 
(see Lemma 2 c) on Page 11). We could optimise our answer 
if we would come to know ap(An), that is, the minimal p-unique 
subgroups of the alternating groups. Let us look for them! 

In the paper at hand we answered the question as Theorem 4 
for the PSL groups A = PSLn thereby completing for the time 
being our (in our modest opinion) beautiful (First) Trilogy 
– [15] on p-uniqueness subgroups and [this paper] on An and 
A = PSLn – about Sylow Theory in Locally Finite Groups 
which provides a number of good suggestions to stimulate and 
encourage future research. All of these should become rather 
very challenging beautiful open problems for the international 
community of (locally finite) group theory researchers. We are 
ready to cöordinate related research work (see also Page 14). ☺ 
A detailed overview of the 19 families of “known” finite simple 
groups is given by the figure “The Periodic Table Of Finite Simple  
 

 
 
 
 
Groups” (© 2012 by the great Iván Andrus [see https://irandrus. 
files.wordpress.com/2012/06/periodic-table-of-groups.pdf and https:// 
irandrus.wordpress.com/2012/06/17/the-periodic-table-of-finite-
simple-groups/]) on Page 3 and by the beautiful figure on Page 8 
which shows the 19 families of finite simple groups as 13 sporadic 
groups above 18 infinite families around another “sporadic” 
group (the Tits group 2F4(2)’) and 13 sporadic groups below ☺. 

Siamo angeli con un’ala soltanto 
e possiamo volare solo restando abbracciati. 
We are angels who have but a single wing 

and we can only fly if we cling to one another. 
Wir sind Engel mit nur einem Flügel, 

um fliegen zu können müssen wir uns umarmen. 
Nous sommes des anges à une seule aile,  

nous ne pouvons voler qu’en restant enlacés. 
Somos ángeles con una única ala y sólo podemos volar abrazados. 

Nós somos anjos com apenas uma asa 
e só podemos voar quando nos abraçamos. 

Luciano De Crescenzo  
( 18 August 1928 in Naples until  18 July 2019 in Rome).  

Così parlò Bellavista. Napoli, amore e libertà. XXIII Piedigrotta.  
1977 e settembre 2019. ISBN 978-88-04-71491-0. 

       
8057092011027 (DVD). ISBN 0-330-30576-X. ISBN 978-3-257-21670-7.  

ISBN 2-87706-435-2. ISBN 84-397-1222-7. https://www.pensador.com/frase/NzIxNDY2/. 

Felix F. Flemisch 
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Pablo Picasso’s La Joie de vivre 

 

Pablo Picasso – La Joie de vivre which shepherds 
the Research Article as a flock along all abysses  

(see https://www.pablopicasso.org/joie-de-vivre.jsp) 

About the author 

Felix F. Flemisch was born on 17 May 1951 in Munich in 
Bavaria in Germany. In June 1971 he received his Abitur ☺ 
whose subject Mathematics was taught in a pioneering spirit by 
Dr. Helmut Bergold. Afterwards he received his first-ever degree 
Baccalaureus der Mathematik (Bacc.Math.) in July 1974 with 
the alas unpublished beautiful bachelor’s thesis “Über einfache 
Punkte affiner Varietäten” from the venerable Albert-Ludwigs-
Universität at beautiful Freiburg im Breisgau in green Baden-
Württemberg in Germany under the such thorough supervision of 
esteemed Akadem. Rat Dr. Herbert Götz, and then his degree 
Master of Science (M.Sc.) from the Faculty of Science of the 
highly recognised University of London, United Kingdom, in 
August 1975 at its grand Bedford College under the supervision 
of greatly adored Prof. Paul Moritz Cohn (8 January 1924 until 
20 April 2006). From October 1975 until – very regrettably – 
only July 1976 he was employed as a fairly diligent Teaching 

Assistant with two graduations by the hoar Mathematische 
Fakultät of Freiburg im Breisgau’s Albert-Ludwigs-Universität. 
Subsequently he quite enthusiastically continued his postgraduate 
mathematical studies in such marvellous and such fabulous 
Freiburg i.Br. – with decent interruptions as a teacher and as 
a tutor – and then received his degree Diplom-Mathematiker 
(Dipl.-Math.) in April 1985 under the impressive supervision 
of adored Prof. Otto Helmut Kegel (20 July 1934 until today). 
The Research Paper [15] publishes the most essential and partly 
well corrected portions of his German Diplomarbeit [14] of 
October 1984 and a said scattered “sprinkling” of fairly new 
considerations and results which truly try to propose coming 
directions of research for the Sylow theory in (locally) finite 
groups. The publication at hand continues [15] with theorems 
about simple locally finite groups “of alternating type” and “of 
projective special linear type” and makes quite a number of 
suggestions for future research ☺. From February 1981 until 
April 1985 the author was enormous happily affiliated to the 
Institut für Medizinische Biometrie und Statistik (IMBI) at 
lovely Freiburg im Breisgau as a considered Wissenschaftlicher 

Mitarbeiter. Since May 1985 he was based dahoam in Munich 
and devotedly working with greatest joy for the telecom industry 
first as an eager System Software Developer, then as a fastidious 

Systems Engineer, and finally as a Director for International 

Standardisation of telecom software and concepts. On the very  

 
 
 
 

11 April 1992 (see also Page 2) he so blissful happily married 
the most fabulous and wonderful-ever woman Helga in beautiful 
Florence in Tuscany in Italy, which was a memorable marriage  

 

celebrated along with about twenty friends and uniting the most 
venerable city Weiden in Upper Palatinate (i.d.OPf.) (Helga) 
with the huge cosmopolitan city Munich in Upper Bavaria 
(Felix). That was built really for eternity: Helga and Felix were 
meant to last forever . Since October 2016 the author is 
retired and is still resp. is again loving to work for mathematics,  

in particular for the very beautiful Group Theory  ☺. 
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https://mathshistory.st-andrews.ac.uk/Extras/Simple_groups_classification/ 

MR – AMS Mathematical Reviews® ( )  

considered together with MathSciNet® ( ) and  

with MR Lookup ( )  
(see https://www.ams.org/mr-database and 
https://mathscinet.ams.org/mathscinet and 
https://mathscinet.ams.org/mrlookup) 

Zbl – Zentralblatt MATH ( )  
(see https://www.zbmath.org/) 

Note – The MR number in brackets refers to the print edition of 
Mathematical Reviews®, which was printed very regrettably 
only until 2012 , and includes the reviewer and the month of 
publication. Since 2013 references are to the online edition of 
MathSciNet® and the electronic Mathematical Reviews® (eMR)  
Sections (see https://www.ams.org/publications/mrsections/mrsections). 

Appendix 1 
Reference [15] with MR Review and Zbl Review 

15. F.F. FLEMISCH: “Characterising Locally Finite Groups Satisfying 
the Strong Sylow Theorem for the Prime p”, Adv. Group Theory Appl. 

13 (June 2022), 13-39 (see MR4441631 and Zbl 1496.20065). 
https://www.advgrouptheory.com/journal/index.php#vol13 and 
https://www.advgrouptheory.com/journal/Volumes/13/Flemisch.pdf 

While the MR Review is very disgracefully simply stating only the 
main result and is telling nothing at all about the new ideas, the Zbl 
Review states at least the Abstract as a Summary and all References 
but also very regretfully states nothing about the beautiful new ideas . 
 

 
 
 

For example, we are rightly a little very proud of two discoveries: 
1) Theorem 3.6 on Page 28 of [15], which found a symmetry between 
non-conjugated Sylow p-subgroups, and then also 2) that the minimal 
members of the set UniquepU from Page 35 of [15] should play for a 
finite U a very similar important rôle as its maximal members which 
are the Sylow p-subgroups. It then becomes a challenge to determine 
the minimal members for sufficiently “known” (locally) finite groups, 
in particular for all the “known” finite simple groups and the finite 
p-soluble groups, and their core properties, in particular conjugacy and 
minimal w.r.t. order vs. minimal w.r.t. inclusion. These are mathe-
matical ideas which propose exciting new directions for (timeless and 
eternal) Sylow theory in (locally) finite groups during the coming years 
where we intend to join in, to support, to cöordinate and to try to shape. 
They could not have been included in The First Trilogy and are as well 
because of their complexity not scheduled to become part ot The 
Second Trilogy. Hence, they will be facinating topics of very hopefully 
joint research for the time after publication of The Second Trilogy. 

The MR Review is available at MR Lookup under 
https://mathscinet.ams.org/mathscinet/relay-station?mr=4441631  
and in detail on Page 16 of the eMR Section 1F for January 2023  
at https://www.ams.org/mrslisting/2023/1F/2023-1F-01.pdf. 

The Zbl Review is available at Zentralblatt MATH  
under https://zbmath.org/1496.20065 and its PDF  
at https://zbmath.org/pdf/07554056.pdf. 

● For the complete Appendix 1, having 33 pages, see Page 21 to Page 53. 

Appendix 2 

Introduction to the Talk by Felix F. Flemisch at IGT 2024  
on April 11th, the 120th birthday of Philip Hall 

My name is Felix Flemisch. I come from Munich in Bavaria in 
Germany. In the l970ties and 1980ties I was a considerably busy and 
faithful student of Prof. Otto H. Kegel  in such beautiful Freiburg 
i.Br. in Germany. In 2021 I luckily came again in contact with my 
adored teacher and met him in person and in good shape during June 
and July of 2022 in Freiburg. I present at IGT 2024 a POSTER about a 
new paper on Sylow theory in simple locally finite groups which is  
based on the famous Kegel covers and a beautiful paper of mine about 
rounding off the general Sylow theory in locally finite groups, 
friendly published by AGTA, under the rigid supervision of esteemed 
Prof. Francesco de Giovanni . Prof. Kegel gave me kindly the hint 
to submit the paper to AGTA whose review process improved the paper 
substantially so that it now can be the basis for further work on the subject. 

Both papers have a quite strong relationship to Prof. Kegel’s work 
on Sylow theory, each one proving a conjecture of him and centred 
around the gay concept of a p-uniqueness subgroup which is a finite 
p-subgroup being friendly contained in such a unique Sylow p-subgroup. 
The POSTER shows the twelve slides of my talk as a PowerPoint presen-
tation which include as well tough suggestions to stimulate and encourage 
future research. I much hope to enthuse group theorists with them and 
I am ready to coördinate related research work. This is my main interest 
why I present the POSTER. However, I am sadly aware that locally 
finite groups, and their Sylow theory in particular, seem not (yet) to be 
current topics of group theory research except some special questions 
presented on Tuesday. A limited number of nicely printed copies of the 
paper’s abstract, its POSTER in DIN A3, and its preprint are available. 
I will deposit them tomorrow morning in SALA CARTAROMANA. 
An underlying research paper to this Talk will be published. 

● For the complete Appendix 2, having 18 pages and including the beautiful 
twelve slides of the presentation, some beautiful photographs of Freiburg i.Br., 
two beautiful photographs of Prof. Otto H. Kegel and four photographs of the 
wonderfully beautiful Lake Ammersee in Bavaria, see Page 54 to Page 71. 

Copyright: © 2025 Felix F. Flemisch. This is an open-access article distributed 
under the terms of the Creative Commons Attribution License, which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original 
author and source are credited. 
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