
Research Article 

ISSN: 2754-4753

One-Dimensional Confined Bose Gas in a Quartic Potential: 
Calculation of the Energy Levels and the Critical Coupling Parameter

1State University of Southwest Bahia, Itapetinga campus, Bahia 45700-000, Brazil

2Institute of Physics of São Carlos, University of São Paulo, PO Box 369, São Paulo 13560-970, Brazil

3Institute of Chemistry of São Carlos, University of São Paulo, PO Box 780, São Paulo 13560-970, Brazil

4Group of Spectroscopy and Bioinformatics Applied Biodiversity and Health (GEBABS), School of Medicine, Federal University of Mato Grosso do 
Sul, Campo Grande/MS, Campo Grande, 79070-900, Brazil

Alexsandro G de Sousa1, Vanderlei S Bagnato2, Albérico BF da Silva3, Ana C Mora Tello3 and Valter A Nascimento4* 

Journal of Physics & Optics
Sciences

Keywords: One Dimensional Bose Gas, Coupling Parameter, 
Perturbation Theory

Introduction
Quantum confined gases are among the most interesting and excite 
topics of investigation. While most theory and experiments are 
concerned with three-dimensional systems, we have still many 
important and surprising aspects for confinements considered 
to be one-dimension. Nevertheless, dealing with one-dimension 
system, one always faces the necessity to introduce perturbation 
on the system.

The main question for any variant of perturbative methods is how 
to control the convergence if neither an explicit form of high-
order approximations nor the exact solutions are available. To 
overcome this difficulty, an idea has been developed, in which the 
perturbation algorithm can be supplemented by a set of functions 
controlling the convergence of the approximation sequence [1]. 
Those are called the control functions, and they have been first 
explored and used for describing anharmonic crystals properties 
[1-6]. Control functions were defined by a minimal-difference 
condition and have also been applied to several models [2, 7-15]. 
The choice of conditions for control functions has been mainly 
heuristic. There are no studies for confined Bose gas in a one-
dimensional parabolic potential containing a quartic power term.

To justify the option condition to define the control functions, 
it was shown that perturbation theory could be formulated as a 
renormalization group theory [16-20]. With this view, control 

functions can be defined from a fixed-point condition, whose 
particular variants yield either the minimal-difference or minimal-
sensitivity conditions? As far as a renormalization group can 
be considered, as a kind of dynamical system, it was natural to 
reformulate perturbation theory to the language of dynamical 
theory [21-23]. This reformulation not only makes the theory more 
logical but also permits to define stability conditions related to 
the problem convergence. The so-called controlled perturbation 
theory. Approaches like this can find a great deal of applications 
in confined Bose-Einstein Condensate (BEC). 

In this study, we have demonstrated the method of controlled 
perturbation theory to the case of a confined Bose gas in an one-
dimensional parabolic potential containing a quartic power term. 
The paper is organized as follows. In Section 2, we formulate 
the model on perturbation theory, and in Section 3 we start by 
explaining the method through the application of a confined Bose 
gas in a quartic potential. In conclusion Section 3, we summarize 
the results and encourage experimental studies to study such 
properties in bosonic gases.

Materials and Methods
Dominated (Controlled) Perturbation Theory
Consider that we are interested in the behavior of a real function 
f(s) where s is a real variable, namely the coupling parameter. 
The f(s) function can be defined by a complicated equation which 
not have an exact solution and therefore, only an approximate 
numerical solution can be found. Nevertheless, we can find the 
asymptotic expansion
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ABSTRACT
Perturbation theory can be reformulated as dynamic theory applied to crystals and gases. Here we concentrate our attention on the stability conditions that 
allow controlling the convergence of approximation sequences. These ideas are illustrated by calculating the energy levels and critical coupling parameter 
of a one-dimensional confined Bose gas.
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                                                                                    (1)

it is, in the weak-coupling limit. On the other hand, we can also 
derive the asymptotic expansion in the strong coupling limit, in 
the form

                                                                                    (2)

where βj are arranged in the decreasing order, βj >βj+1.

To achieve the fast convergence of the divergent series control 
functions are implemented through of a multiplicative algebraic 
transformation and by using also the self-similar approximation, 
yielding to the self-similar root approximation

                                                                                           (3)
where k is the order of the approximation taken, Aj are the 
coefficients, and nj are the potences, which are to be defined by 
considering the strong-coupling limit of the approximant in Eq. 
(3) and equating it to the strong-coupling expansion in Eq. (2). 
This way can be called the left-to-right crossover [1, 3-15].

In general, it could be possible to go to the opposite way, i.e., 
from the right to the left. That is, we could construct a nested-root 
approximant starting from the strong-coupling asymptotic form of 
Eq. (2) and then define the corresponding coefficients and powers 
by equating to the asymptotic expansion of Eq. (1). However, 
the right-to-left crossover results in approximants usually are 
less accurate than the left-to-right crossover formulas. This is 
connected to the fact that the weak-coupling expansions have, 
as a rule, zero radius of convergence, while the strong-coupling 
ones have a finite radius of convergence. The accuracy of the 
left-to-right crossover approximants is usually better than that of 
the right-to-left ones because of the larger region of applicability 
of the strong-coupling expansion in Eq. (2) as compared to the 
region of validity of the weak-coupling expansion in Eq. (1). In 
fact, the latter can be valid for s≪1, hence its region of validity 
is inside the interval (0,1). In contrast, the strong-coupling form, 
derived for s>>1, has the region of applicability inside the interval 
(1,∞). Therefore, the self-similar crossover approximant must be 
fitted to the asymptotic expansion that possesses the larger region 
of validity.

When considering the strong-coupling limit s→∞ for the 
approximant of Eq. (3), we need to know the relation between the 
powers nj and the numbers j=1,2,… Among all possible relations, 
we must choose that one which is the most general, imposing 
no restrictions on the powers βj. It is possible to show that the 
condition

                                                                                 (4)

provides a general way of expanding the form of Eq. (3), valid 
for any k=1,2,… and any arbitrary βj.

Under the criterion of Eq. (4), and rewriting the approximant in 
Eq. (3) in the form

where x ≡ s-1, it is easy to expand the latter in powers of x. 
Comparing the resulting expansion with the strong-coupling limit 
in Eq. (2) we obtain

                                                                                          
(5)                           

with 1 ≤ j ≤ k–1. The values of nj, defined by Eq. (5), are in 
compliance with the criterion showed in Eq. (4) because of the 
inequality βj – βj-1<0.

The first-order self-similar approximant in Eq. (3) is

where

The second-order approximant in Eq. (3) takes the form

in which

In the third order, we find

where
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The method of constructing self-similar crossover formulas is also 
applicable to asymptotic expansions more general than showed 
in Eq. (1), for instance to series 

                                                                                           (6)

in which αj are arbitrary positive powers arranged in the increasing 
order as

                                                                                           (7)

Then, instead of Eq. (3), we obtain the self-similar approximant

                                                                                            (8)

The criterion showed in Eq. (4) transforms to the inequality

                                                                                            (9)                      

and, in the place of Eqs. (5), we find

                                                                                           (10)

with j=1,2,…, k – 1.

The described method makes it possible to construct analytical 
interpolative formulas for the whole range of the coupling 
parameter. The method can also be used for interpolating 
any functions of other variables, provided the corresponding 
asymptotic expansions are available.

Results
Confined Bose Gas in a Quartic Potential
To illustrate the ideas of the approach we have chosen as example 
a confined Bose gas model. Suppose we need to find the energy 
levels of a confined Bose gas represented by one-dimensional 
anharmonic oscillator with the Hamiltonian

                                                                                         (11)

Where x E (-∞,∞) and the coupling, or anharmonicity, parameter 
g ≥ 0. It is worth nothing that several problems of quantum 
mechanics can be reduced to oscillator-type models by a special 
change of variables [24, 25].

We also would like to emphasize that our aim here is not simply 
the calculation of the energy levels but the demonstration of the 
self-similar perturbation theory [2].

It is natural to start from the confined Bose gas whose Hamiltonian,

                                                                                        (12)   
 

Which contains an unknown control parameter u. For convenience  
we introduce the notation

                                                                                        (13)

for the k-order approximation of the spectrum. The quantum 
index n=0,1,2… in Ek and Fk is not written explicitly for the sake 
of brevity.

The sequence {F_k (g,u)}        is to be obtained by Rayleigh-

Schrödinger perturbation theory starting from

                                                                               (14)

In that follows we shall need the notation

                                                                                (15)

The first four approximations, under a fixed u, are

                                                                                             (16)

in which

                                                                               (17)

we get the equation

                                                                               (18)

as a result of which

                                                                              

Substituting the solution u1 (g) from Eq. (18), into Eq. (16), we 
define

                                                                              (19)

Then, from Eq. (16) we have

                                                                                              (20)
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In the region of g>0, the energy (Eq. 13) is positive for small |g|, and, as g diminishes, the energy becomes zero at a critical value gc. 
The latter can be found from the definition

                                                                                 (21)

The form of the Eq. (20) shows that equality in Eq. (21) holds 

true for                         Then, for the ground-state level with 

n = 0, one finds

                                                                                 (22)
 
the solution of Eq. (18) needs to satisfy the boundary condition u1 (g)→1, as g→0. Such a solution is

                                                                                                                            (23)

                                                                                       
the control function in Eq. (23) is real for g ≤ gn, where

                                                                                     (24)
  

and complex roots of Eq. (23) appear only after g ≤ gn [26, 27].

Asymptotic expansions in the weak- and strong-coupling limits can be written for arbitrary energy levels. For illustrative purpose, we 
shall write down expansions for the ground state (n=0) and we shall plot the graphics of expansions in function of coupling parameter.

For the ground state, when n=0 and γ=1, function in Eq. 10 yields for the real parts

                                                                                                                    
                                                                                                             (25)

while the imaginary parts are

                                                                                       (26)

In the strong-coupling limit, when, g→∞, for the ground state we obtain the real parts

 
                                                                                                                                                                              (27)

And the imaginary parts

                                                                                                                                                                               (28)

Varying the coupling parameter g, we can analyze graphically the behavior of the asymptotic expansions in the weak- and strong-
limits for the ground state and calculate the real parts in Figures 1 and 2.
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Figure 1: Real parts of the approximations in the weak-coupling 
limit, a) Re f1 (g) (solid line) and b) Re f2 (g) (dashed line) as 
function of the different values for the coupling parameter (g).

Figure 2: Real parts of the approximations in the strong-coupling 
limit, a) Ref1 (g) (solid line) and b) Ref2 (g) (dashed line) as function 
of the different values for the coupling parameter (g).

In the strong-coupling limit, when,g→∞, for the ground state, 
we obtain graphically the imaginary parts of the approximations 
for the different values of the coupling parameter g in Figure 3.

Figure 3: Imaginary parts of the approximations in the strong-
coupling limit, a) Imf1  (g) (solid line) and b) Imf2  (g) (dashed line) 
as function of the different values for the coupling parameter (g).

The accuracy of the real parts of the approximations in Eq. (20) 
is sufficiently good; the maximal error in the first order is -3.3% 
and in the second order is 2%. In the case of the corresponding 
imaginary parts, the maximal error for g>g_n is about of 10%. 

Conclusions 
The knowledge of the ground state energy for non-harmonic 
potentials is an important challenge, in view of the high possibilities 
of application that we can have involving Bose condensates. The 
presence of non-harmonic terms and their influence both on the 
thermodynamic properties and on the hydrodynamic properties 
of the system, such as collective modes, and others, creates new 
possibilities of exploration for trapped quantum gases. In this 
study, we present the use of the controlled perturbation method 
to verify the system ground state energy values in one dimension. 
Despite several ways of calculating the approximate ground state 
energy when non-harmonic terms are present, the controlled 
perturbative method allows to obtain a greater degree of precision. 
Furthermore, the method used here allows its use in situations 
where the non-harmonic term is not just a small variation of the 
problem, but situations where the coupling term is arbitrarily 
large. Thanks to the possibility of introducing control functions, 
the convergence of the method can be guaranteed. Although we 
have carried out the proof for the one-dimensional system, the 
two- and three-dimensional cases can be seen as natural extensions 
of the problem, despite demanding a little more mathematical 
concern. An important practical example for us to apply deals 
with the almost unidimensional confines reached when we have 
extremely unbalanced cigar traps with extremely high anisotropy. 
Such traps could, in principle, be obtained experimentally and 
critical properties of the condensate obtained could be investigated 
both theoretically and experimentally.

Author Contributions 
Conceptualization, V.S.B. and A.G.S.; methodology, A.G.S.; 
writing—original draft preparation, V.S.B. and A.B.F.S.; writing—
review and editing, V.A.N.; visualization, A.C.M.T.; All authors 
have read and agreed to the published version of the manuscript. 

Funding
This research was financially supported by the Brazilian Research 
Council (CNPq) (CNPq: 504
Process No 310621/2020-8) and Coordenação de Aperfeiçoamento 
de Pessoal de Nível Superior-505 
Brasil (CAPES)-Finance Code 001.

Institutional Review Board Statement 
Not applicable

Informed Consent Statement 
Not applicable 

Data Availability Statement 
The data presented in this study are available on request from the 
corresponding author. 

Acknowledgments 
We thank the Federal University of Mato Grosso do Sul, Brazil 
for supporting the research.

Conflicts of Interest 
The authors declare no conflict of interest.



Citation: Alexsandro G de Sousa, Vanderlei S Bagnato, Albérico BF da Silva, Ana C Mora Tello, Valter A Nascimento (2022) One-Dimensional Confined Bose Gas in 
a Quartic Potential: Calculation of the Energy Levels and the Critical Coupling Parameter. Journal of Physics & Optics Sciences. SRC/JPSOS/197. 
DOI: doi.org/10.47363/JPSOS/2022(4)172

J Phy Opt Sci, 2022

Copyright: ©2022 Valter A Nascimento, et al. This is an open-access article 
distributed under the terms of the Creative Commons Attribution License, 
which permits unrestricted use, distribution, and reproduction in any medium, 
provided the original author and source are credited.

         Volume 4(5): 6-6

References
1. Yukalov V I (1977) Quantum crystal with jumps of particles. 

Physica A: Statistical Mechanics and its Applications 89: 
363-372.

2. Yukalov VI (1976) Model of a hybrid crystal. Theoretical 
and Mathematical Physics 28: 652-660.

3. Yukalov VI (1981) Construction of Propagators for Quantum 
Crystals.  Annalen der Physik 493: 419-433.

4. Yukalov VI (1985) Theory of melting and crystallization. 
Physical Review B 32: 436-446.

5. Yukalov VI (1979) Annalen der Physik. Quantum Theory of 
Localized Crystal 491: 31-39.

6. Yukalov VI (1980) Superharmonic Approximation for Crystal. 
Annalen der Physik 492: 171-182.

7. Stevenson PM (1981) Optimized perturbation theory in the 
Gross-Neveu model. Physical Review D 24: 1622-1629.

8. Caswell WE (1979) Accurate energy levels for the anharmonic 
oscillator and a summable series for the double-well potential 
in perturbation theory. Annals of Physics 123: 153-184.

9. Killingbeck J (1981) Renormalised perturbation series. 
Journal of Physics A: Mathematical and General 14: 1005-
1008.

10. Okopińska A (1987) Nonstandard expansion techniques for 
the effective potential in λφ4 quantum field theory. Physical 
Review D 35: 1835-1847.

11. K. Vlachos, Physical Review A, 1993, 47, 838-846.
12. Pathak RK, Chandra AK Bhattacharyya K (1993) Functional 

representations in non-Fourier basis with applications. 
Physical Review A 48: 4097-4101.

13. Kleinert H (1993) Systematic corrections to the variational 
calculation of the effective classical potential. Physics Letters 
A 173: 332-342.

14. H. Kleinert (1993) Variational approach to tunneling. beyond 
the semiclassical approximation of Langer and Lipatov- 
perturbation coefficients to all orders. Physics Letters B 300: 
261-270.

15. Vlachos K, Okopińska A (1994) Optimized perturbation 
methods for the free energy of the anharmonic oscillator. 
Physics Letters A 186: 375-381.

16. Yukalov VI (1989) ALGORITHM FOR CALCULATING 
FUNCTIONS IN METHOD OF SUCCESSIVE 
APPROXIMATIONS. International Journal of Modern 
Physics B 03: 1691-1702.

17. Yukalov VI (1990) Self-semilar approximations for strongly 
interacting systems. Physica A: Statistical Mechanics and its 
Applications 167: 833-860.

18. Yukalov VI (1990) Statistical mechanics of strongly nonideal 
systems. Physical Review A 42: 3324-3334.

19. Yukalov VI (1991) Method of self-similar approximations. 
Journal of Mathematical Physics 32: 1235-1239.

20. Yukalov VI (1992) Stability conditions for method of self-
similar approximations. Journal of Mathematical Physics 
33: 3994-4001.

21. Yukalov VI , Yukalova EP (1993) Self-similar approximations 
and evolution equations. Il Nuovo Cimento B (1971-1996) 
108: 1017-1041.

22. Yukalov VI, Yukalova EP (1993) Self-similar approximations 
for thermodynamic potentials. Physica A: Statistical 
Mechanics and its Applications 198: 573-592.

23. Yukalov VI, Yukalova EP (1994) SELF-SIMILAR 
RENORMALIZATION AS EQUATION OF MOTION. 
International Journal of Modern Physics B 07: 2367-2396.

24. Znojil M (1994) An analytic estimate of the number of bound 
states in the Lennard-Jones potentials. Physics Letters A 188: 
113-116.

25. Znojil M (1994) Two-sided estimates of energies and the 
“forgotten” exactly solvable potential V (r) = -a2r−2 + b2r−4. 
Physics Letters A 189: 1-6.

26. Yukalov VI, Yukalova EP, Bagnato VS (1997) Non-ground-
state Bose-Einstein condensates of trapped atoms. Physical 
Review A 56: 4845-4854.

27. AG de Sousa, ABF da Silva, Marques GC, Bagnato VS (2004) 
Influence of confining anisotropy on the unstable behavior 
of a Bose gas with attractive interaction. Physical Review 
A 70: 063608.


