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ABSTRACT

In quantum mechanics it is well known that observables are represented by hermitian matrices (or operators). Uncertainty relations are represented as
some kinds of trace inequalities satisfied by two observables and one density matrix (or operator). By releasing the hermitian restriction on observables,
we obtained non-hermite uncertainty relations. In this paper we give several non-hermitian extensions of Heisenberg or Schrodinger type q uncertainty

relations for generalized skew information under some conditions.
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Introduction
We start from the Heisenberg uncertainty relation:

¥, (A, (8)2 LT[ A B

for a quantum state (density operator) p and two observables
(self-adjoint operators) 4 and B, where [4,B] = AB - BA[1]. The
further stronger result was given by Schrodinger in:

V,(4)V,(B)-|Re{Cov,(4,B)}[> Tr[p[A BIIP

where the covariance is defined by
Cov, (A,B)=Tr[ p(A-Tr[pA]1)(B-Tr[pB]1)][2.3].

The Wigner-Yanase skew information represents a measure for
non-commutativity between a quantum state p and an observable
H [4]. Luo introduced the quantity U (H) representing a quantum
uncertainty excluding the classical mixture:

=y, (v, (1)-1,(m))’,

with the Wigner-Yanase skew information:

1,(H)= %Tr[(i[ p”Z,HOJ)Z] =T pH} }-Tr[ ' Hop"H, ]

Hy=H-Tr[pH]I

and then he successfully showed a new Heisenberg-type
uncertainty relation on v, (#) in:

Uﬂ(A)Up(B)Zilrr[p[A,B]]V. (1.1)

As stated in, the physical meaning of the quantity U, (H) can be
interpreted as follows [4]. For a mixed state p, the variance Vﬂ (H)
has both classical mixture and quantum uncertainty. Also, the
Wigner-Yanase skew information / (H) represents a kind of
quantum uncertainty [6,7]. Thus, the difference V (H)—1I (H)has
a classical mixture so that we can regard that the’ quant1ty U, (H)
has a quantum uncertainty excluding a classical mixture. Therefore
it is meaningful and suitable to study an uncertainty relation for
a mixed state by the use of the quantity U (H). After then a one-
parameter extension of the inequality (1.1) was given in:

U,.(4)U,,(B)za(l-a)|Tr[p[ 4,B]}

where

2

V,(H)=1,,(H))

with the Wigner-Yanase-Dyson skew information 7, (H)
is defined by

()=o) Lo

=Tr[pH§ ]_Tr[paHopliaHoJ,

= \/VP(H)Z _(

It is notable that the convexity of | (H ) with respect to p was
successfully proven by Lieb in [8,9] §7 he further generalization
of the Helsenberg -type uncertainty relation on U, (H) has been
given in using the generalized ngner-Yanase Dyson skew
information introduced in [10, 11]. Then it is shown that these skew
informations are connected to special choices of quantum Fisher
information in [12]. The family of all quantum Fisher informations
is parametrized by a certain class of operator monotone functions

F,, which were justified in [13]. The Wigner-Yanase skew

op

information and Wigner-Yanase-Dyson skew information are
given by the following operator monotone functions
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fir (x)= [&2“] ,

2
S (x) = a(l—a)%, ae(0,1),

respectively. In particular the operator monotonicity of the
function f,~was proved in [14]. See also [15]. Recently, Dou
and Du proposed the release the restriction on operators which
are observables. And they defined the corresponding Wigner-
Yanase-Dyson skew information and studied some properties
of them in [16,17]. Also they obtained non-hermitian extensions
of Heisenberg or Schrodinger uncertainty relations which is a
generalization of Luo’s theorem. In this paper we give several
kinds of non-hermitian extensions of uncertainty relations which
correspond to the results given in the case of hermitian observables
[18-20].

Operator Monotone Functions

Let M, (C)(resp. Mn,sa (C) be the set of all 7 x n complex matrices
(resp. all n x n self- adjoint matrices), endowed with the Hilbert-
Schmidt scalar product (4, B) = Tr(A*B). Letum, , (C)be the set of all
strictly positive elements of M, (C)and M, ,(C) be the set of all
stricly positive density matrices, that isuy, ., (C)={p <M, (C)|Trp=1p)0}.
Ifit is not otherwise specified, from now on we shall treat the case
of faithful states, that is p > 0.

A function f:(0,+%)— R is said to be operator monotone if, for
any neN and4,Be M, such that 0<4< B, the inequalities 0 <
f(4) < f(B) hold. An operator monotone function is said to be
symmetric if f(x)= xf(x") and normalized if f(1)=1.

Definition 2.1 7,
such that

1. f(1)=1,

2.4 () =1 (1),

3. f 1s operator monotone.

is the class of functions f :(0,+%) — (0,+w)

Example 2.2 Examples of elements of 7, are given by
the following list

fRLD(x):ﬂ= fny( ) (\/;JAJ >

x—1
fBK_’L[(x):li’

x+1 2 ogx
x+1 _ (x-1’
fan (x)= » S (x) = (1 a)(xa_l)(xlfa_l)’ae(o’l)A
Remark 2.3 Any f € F  satisfies

op

x+1

For f €7, define f(0)=lim_,,,/(x) . We introduce the sets of
all regular and all non-regular functions

Fop=Af € F 1 F(0)= 0, Fp={feF,|(0)=0}
and notice trivially that F,, = F U F

Definition 2.4 Let g, f €

op

satisfy

(x=1)?
>k
@.1) g(x) )
for some k& >0. We define
y _ B (x—l)2
Ag (x)—g(x) k f(x) ef;p

Generalized Quasi-Metric Adusted Skew Information and
Correlation Measure

In Kubo-Ando theory of matrix means one associates a mean to
each operator monotone function f € F,, by the formula

mf (A,B) — AI/Zf(A—l/ZBA—IM)Al/Z,

where 4,B e M, , (C) Using the notion of matrix means one may
define the class of monotone metrics (also called to be quantum
Fisher informtions) by the following formula

(4.8),,= Tr(4 '(m/ (Lp’Rﬂ))il (B))’
where 4,Be M, (C),L,(4)=p4,R,(4)=A4p . For ¢ €R and

A,B e M (C) g-commutator and g-anti-commutator are defined by
[4,B],=A4B-qBA and {4,B}, = AB+qBA, respectively.
g-commutator is a generalization of commutator [4,B] .

Now we define generalized quasi-metric adjusted q skew
information and q correlation measure for non-hermitian matrices

M,(C)-
Definition 3.1 For 4,8e M, (C), pe M, (C) and q > 0, we

define the following quantities, where we put
4y=A-Tr[pA)l and B,=B-Tr[pB]I-
Corr%") (4,B) = kTr((iLp. 4,1,) m,(L,.qR,) i p.B,],).

&) (4)= Corrfgi’f)

Psq

(4.4),

B):Tr(Agmf (Lﬂ’qRP)BO)’ Cx{»q (A):C/{,q (A’A)’

Ul (4)= [z, ()l (e, ()¢ ().

The quantity 7'>”)(4) and Corr®) (4, B) are said generalized
quasi-metric adjusted q skew information and generalized quasi-
metric adjusted q correlation measure, respectively.

Then we have the following proposition.

Proposition 3.2 For 4,Be M, (C), pEM, (C)

and ¢ >0 , we have the following relations:

LD (4)=CE, (4)-C (4)

Psq P9
2 J,Si‘” (4)=CE, (4)+Cl (4)
\/1 <. /) J(i;f) (A)

Theorem 3.3 Forf e 7, it holds

g/)
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1E9(4) 19 (B) 2| Corr'®") (4,B) P . .
p.q pq X > ’ (&) ¢ g\2 _ 2| _ 2
where 4,BeM,(C), peM, ., (C)and g>0. Uy (D —(;mg (ﬁnqﬂ/) |4 | J (;mAé (ﬂquﬂ',/)“li/ | ]
Proof of Theorem 3.3. Since and
Corry (4 B)=KIr (- o), my (LR, i B, ) Cornl (4.B)=3m, (402, )b, = Dmy (%% )ty
L]

=kTr((i(L,—qR,) 4,)'m, (Lﬂ,qu)"i(Lp —qRP)BO)

We are now in a position to prove Theorem 3.4.
=1r(4ym, (Lp,qu)Bo)—Tr(A;mAé (LP,qu)BU),

Proof of Theorem 3.4: At first we prove (3.3). Since
it is easy to show that Corr'*/) (4, B)is an inner product in M, (C).

Then we can get the result by using Schwarz inequality. Tr(p |:A0’BO]q ) = Z(}L g4, )a,,bﬂ )
ij
Theorem 34 For f < £, . if | Tr(p| 40, B),) <D | A —a llay |1b |
g(x)+ Ay (x)2 1/ (x) 3.1 "

Then by Lemma 3.5, we have

kO Tr(p| 4,,B,], )1

for some ¢ >0, then it holds

U (AU (B) 2kt | Tr(p[ 4. 8,1, )1, (3.2)

where 4,BeM, (C),peM,,,(C) and ¢>0 . o
(©):pe,...() < 3 VR — adgllallbil

In order to prove Theorem 3.4, we need the following lemmas i.j

Lemma 3.5 If (2.1) and (3.1) are satisfied, then we have the 2\172 :
following inequality: Z( ( l,qﬂ, ) Ag (ﬂi,qﬂ,j) ) ‘ainbﬂ‘

m (x,qy)" =m, (x.q9)" 2 kl(x-qy)’. "

Proof of Lemma 3.5: By (2.1) and (3.1), we have <{Z(m (/1 ) )Z_m (ﬂ ) )2)|a | }
- g \7i 17 YA ij
(xr—gqy)’ ij )
m.,(x,qy)=m,(x,qy)-k———. (3.3)
y () =m, (x.qy) e 2
m, (x,QJ’)-irmAé (x.qv) 2 tm, (x,q), (3.4) {;(mg(%,q/lj) +mA£( Asq A, ) )' i }
Therefore by (3.3), (3.4) g (o)
= 15 (4)7)(8).

m, (x,qy)” =m,, (x.qp)’

= {mg (x, qy)—mA£ (x,qy)}{mg (x,qy)-&—mAg, (x,qy)}

By the similar way, we also have

197 (B)J%D \(4) 2kl Tr(p[ 4,.B,), )

> kwgm/ (x, qy)
m,(x,qy) Hence we have the desired inequality (3.2).
=kl(x—qy)’. Examples
Example 4.1

)40} be a basis of eigenvectors of p, When
corresponding to the eigenvalues {4, 4,,--,4,} . We put

x—1) f(0
(pA)I and g(x):T’ f(x):a(l—a)(xa _(1)(3_&_1)’ k= g)’ =2,

759 =

B,=B-Tr(pB)I for4,Be M, (C)and peM,, (C) . Then we have

:ng(iﬂql) l/| ZmAf( l,ql) ’7 |2‘
i
) A):ng (l"’qﬂ'-i)wif i +ZmAfg (ﬂ“i’qﬂ’.i)|aif|2
i I,

and 4,BeM,(C), we give the following:

Al (x)=g(x)- (x-1)° —l(x“ +x"“)20.

f(x) 2
g(x)+ A (x) =1/ (x)
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! That is
= (™ =1) (" 1)~ da(1-a) (x - 1)} 2 0. NG A% :
2(xa_1)(x17a_1){(x )(x ) a(l-a)(x-17} = 2(1+2x j _(\/;2 IJ >2(\/}2+1] .
Then Then since
(f g) . 2
1 (A) ; 1+x" \/;—l
Ag( ): ) - b >
:%{Tr(pAoAJ)+qTr(pASAo)—ql"’Tr(p“Aop"“AS)—q”‘Tr(p"ASpl’“An)} we have
In particular for a=1/2, g(x)+A£ (x)22/ ()
19 (4) = l{Tr( pAA ) +qTr(pdA))| - Tr(p"* 4,0 4;).  Example 4.4
2 When
Example 4.2 N
When 2 g(x):[lJer j ’(zgrglj
Jx+1 (x—1)
g(x)= > ) f(x):a(l—a)(xa 1)(x1—a 1)‘ &Y
N - 0

and 4,BeM,(C), we assume k = (0)/8 and /=3/2, then we
have the following.

(x)=g(x)- (x—-1y = L+x 2—1 X =1)(x"" -
Ag() g() k f(x) [ 2 J 8( ])( 1) F(x5j>1F(xlj+1F(x3j
8) 727\ 72) 27 (s )
:%{(l +x)? + (x0T 20, Then

g(x)+4y (x)-1f (x) 2F (x,7)2 2F(x,§) > F(x,;j+F(x,3]

4

we give the following. Since F (x,)is concave on [1/2,3/4] [20].

e M{M]
1 1, - 2)7 2] 2 2
>~ g(x) =5 (" =1)(x" 1) :
. _3( Vel 1xrl
zg(xoz/2_+_x(l—ot)/2)2 >0. _2 2 2 2
5ol
W Y 2| 2 2]l 2 2
¥ +1) (3 x+1
= <y, f(x)= : , ,
g(x) ( 2 j (4 4 j (x) ( 2 J zz(ﬁﬂ] +l(ﬁ_lJ
2 2| 2
AC S
4

Thus we have
and 4,BeM,(C) , we give the following: Let g(x) n Ag (x) > 2f(x).

1/r
F(x,r) :[1+2x ) .

Application
Under the assumption in Example 4.1, we can give an application
Since F(x,) is concave on [1/2,1] [20]. of Theorem 3.3. In [3] some non-hermitian uncertainty relations
3 1 1 1 were obtained. One of their g-versions is given as a corollary of
F(t,*jZEF(tJHEF(th- Theorem 3.4 [21-28].

Then

2F(x,r) > 2F(x,%] > F(x,l)+F(x,%],

J Mathe & Comp Appli, 2024 Volume 3(3): 4-5
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Corollary 5.1 For4,Be M, (C) , peM,, (C) andq>0,

U (AU (B) 2 a(1-a) | Tr(p| 4,,8,1) )

where [4,, B,

a5 A1)

Proof of Corollary 5.1. When

1 .
(4, B, = E{Tr([AoaBo]q +[BO,A0]q}, we have by Theorem 3.4

U (4)Us) (B)z a(1-a)|Tr(p[ 4,.B,),)

> a(1-a)| ReiTr(p[ 4. B,], )}
=a(l-a)|Tr(p| 4,.B,1)F -

The last equality holds for the following reason. Since

Tr(p| By 4)),) = Tr(pB, 4)) ~qTr (P 4,5,
=Tr(4,B,p)—qTr(B,

=Tr(pA,B,)—qTr(pB,4,

=Tr(p(4,B, —4B,4,))

=Tr(p[ 4,B,],)

4,p)
)

we have

On the other hand when [4,, B, ],

Tr(p[ 4B, =5 Trp[ A By, )+ S Tr(p[ B4,

=%Tr(p[%=301q)+%m
= Re{Tr(p[ 4, B,], -

= %{Tr([f‘lo 5], _[ BJ’A;]” )} ’

we obtain the desired inequality (5.1) by the similar way.
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