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Introduction
It is a popular fact that microscopic systems are tackled 
theoretically with the use of the Schrodinger wave equation, 
Klein – Gordon equation, Dirac equation and their modifications, 
particularly in physics and chemistry [1-3]. In broad terms, to 
describe a given physical system, a potential model use cannot be 
overemphasized because the model provides information needed 
and from which some or all of the needed physical quantities 
can be computed. In the consideration of potential models, it has 
been observed that closed form solution of the Schrodinger wave 
equation is available or possible for few, and one of them is the 
linear harmonic oscillator. According to [4], the linear harmonic 
oscillator problem, offer us an opportunity to understand the 
basic features of a quantum system along with its transition to 
classical domain. It can be applied to study the vibrational spectra 
of molecules, quantum theory of radiation, high energy physics 
and the state with zero-point energy is reinterpreted as the vacuum 
[5]. Its use in other branches of physics is abounded [6]. Works 
on a combination or variations of harmonic oscillators are also 
listed [7-10]. As the study of the harmonic oscillator progresses, its 
inversion and modifications are also abounded [11-16]. Motivated 
by the recent advances in harmonic oscillator, inverted harmonic 
oscillator and their variations, as well as following the work of 
[17], the present study introduces a modified nonlinear harmonic 
oscillator of the form

                                                                                               (1)

where μ is the mass of oscillator, ω is the frequency, r is the radius 
and ς is a small positive nonlinear parameter.

This potential appears to be a generalized harmonic oscillator 
because it could be adjusted to the harmonic oscillator, the inverted 
harmonic oscillator and other variations or combinations.

Most of the studies on thermal properties of interacting systems 
are for ideal gases or molecules which are diatomic. However, 
the interaction of man, its environment and to account for the 
deviation between rarefied gases and real gases, values of Van 
der Waals constants for four polyatomic molecules which are 
environmentally indispensable to man and theoretical correct 
up to the second virial coefficient are chosen to among other 
considerations, determine some of its thermal properties and its 
relation to man.

Some thermodynamic functions of several potential models’ study 
are abounded [18-26]. However, their application to polyatomic 
molecules is scanty. The choice of the four polyatomic molecules 
(Water, carbon(iv)oxide, Hydrogen sulphide and Sulphur(iv)oxide) 
are predicated on not only playing a crucial role in climate change 
and maintenance of environmental equilibrium balance but also, 
having greater range of shapes that are possible than the diatomic 
molecules, makes spin pairing of electrons very clear with valence 
– bond description of water and possess several modes of vibration 
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The study examined the solution of nonlinear oscillator and thermal properties of interacting system of real polyatomic molecules. A nonlinear oscillator 
potential was substituted into the radial part of the Schrodinger wave equation and solved using the Frobenius method to obtain the energy eigenvalues of 
the system. The partition function and the energy eigenvalues are used to determine three thermal properties for four polyatomic molecules which showed 
that added energy is required in the absence of the nonlinear term as the orbital and magnetic quantum numbers are increased and degeneracy completely 
removed. Other findings also reveal that as the virial coefficients of the four polyatomic molecules vary, the additive property of entropy is observed as well 
as the enhancement of the mean energy approximately proportional to the volume of the molecules. The four polyatomic molecules under consideration 
are environmentally impactful and are indispensable to man.
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because all bonds lengths and angles may change as oppose to 
diatomic molecules with only one mode of vibration.

Basically, the research is to describe the nonlinear harmonic 
oscillator potential with the thermal properties of four polyatomic 
molecules owing to the importance of some of their cycles, and an 
extension from ideal gases to real gases with a view to comparing 
the deviation.

Formalism
The work considers the radial Schrodinger wave equation of the 
form 

                                                                                              (2)
         

Where l is the orbital quantum number, E is the eigenvalues and     
ћ is the Planck’s constant.

Equation (1) is put into equation (2) and simplify, results in

                                                                                                (3)

Equation (3) is transformed into the form

                                                                                 (4)

Where

Method of Solution
The study assumed a radial wave function of the form 

                                                                            (5)

where α and β are constants.

Equation (5) is put into equation (4) and simplify, results into

                                                                                              (6)

To determine for real feasible solution, equation (6) is tested for 
the existence of ordinary points, singularities and Frobenius series 
solution and was satisfied [27-28]. Therefore, the study assumed 
a solution of the form

                            (7)

Equation (7) is put into equation (6) and equate coefficients of
          

,
            

,
              

and             respectively to zero,

 the following expressions result

                                                                        (8)

                                                    
(9)

                                                                  (10)

                                    (11)

Equations (11) and (9) are substituted into equation (8) and using 
the expressions for A, B and C results into

                                                                                           (12)

When ς = 0

                                                                                             (13)

For simplicity, if μ = ћ = 1 ([5], [29 – 30]), equations (12) and 
(13) respectively reduced to the form

                                                                                             (14)

and

                                                                                   (15)

Thermal Properties
Thermal properties of a system consist of parameters such as 
specific heat, entropy. Mean energy, pressure and enthalpy just 
to mention a few. According to [31], to determine the thermal 
properties of a system, the partition function is needed and is 
given as 

                                                            (16)

where g is the degeneracy of the ith level, k is the Boltzmann 
constant and T is the temperature.

The kernel of the thermodynamic properties is the partition 
function from which the thermal functions are obtained [32].

However, to determine the thermal functions of real gases or 
molecules, we make use of the expression following [33]

                                                
(17)

Where N is the number of particles and U is the potential energy.

To determine the integral                        is challenging, therefore 
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the Van der Waals assumptions as reported in [33] is adopted. The 
assumption is that the particles are rigid spheres and they attract 
each other with a weak force which decreases rapidly. 

The Helmholtz free energy F(T) of the system is stated as

                                                                         (18)

where B(T) is the second virial coefficients

Using equation (17), equation (18) can be written as

                                                      (19)

where                 is the thermal wavelength and

The entropy S(T) of the system is given as

                                                                   (20)

The pressure P(V) of the system is given by the expression

Table 1: Values of Van der Waals Constants a and b for Four 
Polyatomic Molecules [33,34]
Molecule
CO2 3.610 4.290
H2O 5.464 3.049
H2S 4.484 4.340
SO2  6.775 5.680

Table 2: Values of Energies (J) obtained from Equations (14) 
and (15) for Increasing Orbital and Quantum Numbers

n l
0 0 58.6976 58.7176
1 0 97.1744 97.1960

1 176.131 176.153
2 0 135.152 135.174

1 214.109 214.131
2 372.023  372.045

3 0 172.630 172.653
1 251.587 251.610
2 409.501 409.523
3 646.371 646.394

4 0 209.609 209.631
1 288.565 288.588
2 446.479 446.502
3 683.350 683.372
4 999.177 999.200

5 0 246.087 246.110
1 325.044 325.067
2 482.957 482.980

3 719.828 719.851
4 1035.660 1035.680
5 1430.440 1430.460

Figure 1: Potential Function Dependence on Radius of Oscillator 
with Nonlinear Parameter Varying

Figure 2: Dependence of Helmholtz Free Energy on Temperature 
with Varying Virial Coefficients.

Figure 3: Dependence of Entropy on Temperature with Varying 
Virial Coefficients

Figure 4: Dependence of Pressure on Volume with Varying Virial 
Coefficients
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Figure 5: Dependence of Pressure on Temperature with Varying 
Virial Coefficients

Discussion
Table 2 reveals that as the magnetic and orbital quantum number 
increases, the energy eigenvalues increases but when the 
nonlinearity parameter is removed, added energy is required. It 
is also observed that degeneracy is completely removed and this 
is consistent with the study of [16] and [18]. Figure 1 shows that 
increase in the nonlinear parameter got the potential function 
enhanced initially and tends to a saturation point. Figure 2 depict 
the relationship between the temperature and the free energy which 
shows that variation of the virial coefficients of the polyatomic 
molecules, enhanced the free energy that is proportional to the 
volume of the molecules. Although, the free energy of H2O is 
greater than CO2 with saturation reached in the free energy of H2S   
and SO2. Figure 3 shows that the additive property of entropy was 
observed as the varying virial coefficients of the molecules are 
introduced. It is however shown that the increase is in the order of 
SO2 > H 2S > H 2O > CO2 .  This suggest that of the four polyatomic 
molecules under consideration, the entropy of SO2   is the highest 
while that of CO2  is the least. Figure 4 reveals that as the virial 
coefficients of the molecules vary, the pressure is enhanced and 
the trend showed that CO2 > H 2S > H 2O > SO2. A complete 
reversal of the molecules effect on the entropy. Figure 5 shows 
the relationship between the pressure and the temperature as the 
virial coefficients of the polyatomic molecules vary, the pressure 
is improved but the trend is H 2O > H 2S > CO2 > SO2 which is 
consistent with the work of [33]. 

Conclusion
The study determined the energy eigenvalues of a nonlinear 
oscillator and used it to describe some select thermodynamic 
functions of four dominant environmentally impactful polyatomic 
molecules. A fluctuation of their behaviour on the P–T and P–V 
diagrams, illustrated the differences in the virial coefficients and 
their improved or enhanced properties over diatomic molecules.
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